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QUANTIZED ALGEBRAS OF HOLOMORPHIC FUNCTIONS 
ON THE POLYDISK AND ON THE BALL 


A. YU. PIRKOVSKII 

Abstract. We introduce and study noncommutative (or “quantized”) versions of the 
algebras of holomorphic functions on the polydisk and on the ball in C". Specifically, 
for each q G = C\ {0}we construct Frechet algebras and such that 

for q = 1 they are isomorphic to the algebras of holomorphic functions on the open 
polydisk D" and on the open ball B", respectively. We show that and i^q(B") 

are not isomorphic provided that |q| = 1 and n > 2. This result can be interpreted as a 
q-analog of Poincare’s theorem, which asserts that D" and B" are not biholomorphically 
equivalent unless n = 1. In contrast, and ^^(B") are shown to be isomorphic 

for |g| ^ 1. Next we prove that ^^(ID)”) is isomorphic to a quotient of J. L. Taylor’s 
“free polydisk algebra” (1972). This enables us to construct a Frechet ^(C^)-algebra 
^def(D") whose “fiber” over each q G is isomorphic to ^g(ID)"). Replacing the free 
polydisk algebra by G. Popescu’s “free ball algebra” (2006), we obtain a Frechet ^(C^)- 
algebra ^def(B”) with fibers isomorphic to ^^(B”) (g G C^). The algebras ^def(D") and 
^def(B”) yield continuous Frechet algebra bundles over which are strict deformation 
quantizations (in Rieffel’s sense) of ^(D") and ^(B"), respectively. Finally, we study 
relations between our deformations and formal deformations of ^(IJ") and ^(B"). 


1. Introduction 

The subject of the present paper may be roughly described as “noncommutative com¬ 
plex analysis”, or “noncommutative complex analytic geometry”. This held of mathe¬ 
matics is not as unihed as other parts of noncommutative geometry, and there are many 
points of view on what noncommutative complex analysis is. The known approaches to 
noncommutative complex analysis differ not only in the choice of the classical objects 
whose noncommutative versions are constructed and studied, but also in the “degree of 
noncommutativity” of the new objects. According to V. Ginzburg [54], there are two types 
of noncommutative algebraic geometry, which may be called “noncommutative geometry 
in the small” and “noncommutative geometry in the large”. The former is a generalization 
(or a deformation) of the classical geometry, and it contains the classical geometry as a 
special (commutative) case. In contrast, noncommutative geometry “in the large” is not 
a generalization of the classical theory, and it is often based on free algebra-like objects. 
The same terminology can equally well be applied to noncommutative complex analysis. 

Perhaps the most developed approach to noncommutative complex analysis is based 
on operator algebra theory. This approach goes back to the foundational papers [11,12] 
of W. B. Arveson, who observed that certain nonselfadjoint subalgebras of C'*-algebras 
sometimes behave like Banach algebras of analytic functions. A systematic development of 
noncommutative complex analysis “in the large” was undertaken by G. Popescu [115-129]. 
His point of view is motivated by the multivariable dilation theory and is based on free 
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versions of the disk algebra A(]D)) and the Hardy algebra Many related results 

were obtained by K. R. Davidson, D. R. Pitts, and E. G. Katsoulis [36-39], A. Arias and 
F. Latremoliere [7-9]. A more general version of (not necessarily free) noncommutative 
complex analysis based on some universal operator algebras was studied by P. Muhly and 
B. Solel [88-95], K. R. Davidson, C. Ramsey, and O. Shalit [40]. 

A common feature of the above papers is that the noncommutative algebras studied 
therein are always Banach (in fact, operator) algebras. A notable exception is [118], 
where G. Popescu introduces a Frechet algebra which is a natural free analog of (^(B”), 
the algebra of holomorphic functions on the open unit ball in C". See Section 7 for more 
details on Popescu’s algebra. 

A different way of looking at noncommutative complex analysis “in the large” was sug¬ 
gested by J. L. Taylor [160,161], whose main motivation was to develop spectral theory 
for several (not necessarily commuting) Banach space operators. In Taylor’s theory, the 
main objects are certain Frechet algebras containing the free algebra on hnitely many 
generators. Ideologically, Taylor’s algebras may be viewed as free analogs of the algebras 
of holomorphic functions on domains in Taylor’s ideas were further developed by 
D. Luminet [84,85], D. Voiculescu [173,174], D. S. Kaliuzhnyi-Verbovetskyi and V. Vin¬ 
nikov [68], J. W. Helton, I. Klep, S. McGullough, and N. Slinglend [61-63], J. Agler and 
J. E. McGarthy [1,2]. Some parallels between Taylor’s theory and the “operator algebraic” 
noncommutative complex analysis are discussed in [68,94,95]. A related approach going 
back to Taylor’s notion of an Arens-Michael envelope [160] was developed by A. A. Dosi 
(Dosiev) [42-46] and the author [104-106,109,110]. 

A more algebraic view of noncommutative complex geometry is based on A. Gonnes’ 
fundamental ideas [32,33]. The notion of connection introduced by Gonnes in [32] was used 
by A. Schwarz [146] to define complex structures on noncommutative tori. This line of 
research was further developed by M. Dieng and A. Schwarz [41] and by A. Polishchuk and 
A. Schwarz [112-114]. A closely related point of view was adopted by J. Rosenberg [145], 
M. Khalkhali, G. Landi, W. D. van Suijlekom, and A. Moatadelro [71-73], E. Beggs 
and S. P. Smith [13], R. O Buachalla [98-100]. Another approach was also initiated by 
Gonnes [33, Section VI.2], who interpreted complex structures on a compact 2-dimensional 
manifold M in terms of positive Hochschild cocycles on the algebra of smooth functions 
on M. Motivated by this, he suggested to use positivity in Hochschild cohomology as 
a starting point for developing noncommutative complex geometry. This point of view 
was developed by M. Khalkhali, G. Landi, W. D. van Suijlekom, and A. Moatadelro 
[loc. cit.], who found relations between complex structures on noncommutative projective 
spaces and twisted positive Hochschild cocycles on suitable quantized function algebras. A 
common feature of the above papers is that almost all concrete “noncommutative complex 
manifolds” that appear therein are compact. Thus section spaces of “noncommutative 
holomorphic bundles” over such “manifolds” are finite-dimensional, and so no functional 
analysis is needed for their study. We refer to [71] and [13] for a detailed discussion of 
this side of noncommutative complex geometry. 

An enormous contribution to the development of noncommutative complex analysis “in 
the small” was made under the influence of L. L. Vaksman’s ideas. The ambitious program 
initiated by Vaksman was to construct a g-analog of the function theory on bounded sym¬ 
metric domains. After the publication of the pioneering paper [153] by S. Sinel’shchikov 
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and L. L. Vaksman, numerous results in this field were obtained by O. Bershtein, Y. Kolis- 
nyk, D. Proskurin, A. Stolin, S. Shklyarov, S. Sinel’shchikov, L. Turowska, L. L. Vaksman, 
G. Zhang; see, for example, [16-21,131,132,147-152,154,162,164,165,167]. Among many 
interesting objects constructed by Vaksman is a g-analog of A(]B"'), the algebra of func¬ 
tions holomorphic on the open unit ball in C"" and continuous on its closure. In [167], 
Vaksman proved a g-analog of the maximum principle for functions in A(]B"'), and a sim¬ 
ilar result was recently obtained by Proskurin and Turowska [132] for the unit ball in the 
space of 2 X 2-matrices. For more references and further information on quantum bounded 
symmetric domains, see the lecture notes [166] and Vaksman’s recent monograph [168]. 

Let us also mention the papers [143] by R. Rochberg and N. Weaver and [158] by 
F. H. Szafraniec, in which unbounded operators are used to investigate noncommutative 
analogs of the Cauchy-Riemann equations. Algebraic aspects of the Cauchy-Riemann 
equations over the quantum plane were studied by T. Brzezihski, H. Dqbrowski, and 
J. Rembielihski [31]. 

The book [69] by M. Kashiwara and P. Schapira suggests another look at noncommuta¬ 
tive complex analytic geometry “in the small”. The authors consider pairs {X, s^x)i where 
X is a complex manifold and is a formal deformation of the holomorphic structure 
sheaf Gx (a “DQ-algebra”). The main objects of [69] are “DQ-modules”, i.e., sheaves of 
32^-modules. A number of interesting results is proved in [69], including “DQ-versions” 
of classical theorems by Cartan-Serre and Grauert. 

Our approach to noncommutative complex analysis is slightly different. Broadly speak¬ 
ing, the objects we are mostly interested in are nonformal deformations of the algebras 
of holomorphic functions on complex Stein manifolds. There are several ways of giving 
an exact meaning to the phrase “nonformal deformation”; see, e.g., [14,15,22-28,47,83, 
101-103,175]. In any case, a nonformal deformation of a Frechet algebra A should yield 
a family {At : t E Tj of Frechet algebras spread over a topological space T in such a 
way that Atg = A for a fixed to ^ Our approach to deformations is close to that of 
M. A. Rieffel [135-141]; see also [74-78,97]. Specifically, our deformations are continuous 
fields (or continuous bundles, see [53]) of Frechet algebras over = C \ {0}. Moreover, 
each At is a fiber (see (A.6)) of a Frechet i^(C^)-algebra R, where G(C^) is the “base” 
algebra of holomorphic functions on C^. In contrast to [14,15,83,103,175], we do not 
require that R be topologically free over the base algebra. The reason for that will become 
clear in Subsection 8.2. 

In the present paper, we concentrate on deformations of the algebras of holomorphic 
functions on two classical domains, namely the open polydisk and the open ball in C"". 
We hope that these concrete examples can serve as a basis for further research in noncom¬ 
mutative complex analysis “in the small”. To motivate our constructions, let g E , and 
consider the algebra of “regular functions on the quantum affine space” generated 

by n elements Xi,... ,Xn subject to the relations XtXj = qXjXt for all i < j (see, e.g., [30]). 
If g = 1, then is nothing but the polynomial algebra C[a;i,..., Xn] = G^^^(C^). It 

is a standard fact that the monomials x\^ ■ ■ ■ (/ci,..., /cn > 0) form a basis of i^g®®(C"'), 

so the underlying vector space of can be identified with that of 
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Let now r G (0, +cxd], and let D" and B” denote the open polydisk and the open ball 
of radius r in C”. Thus we have 

= [z = {zi,... ,Zn) e C” : max \zi\ < r|, 

I V ’ ’ / l<i<n J 

n 

M^ = [z= {z,, ...,Zn)eC^:J2 1 ^* 1 ' < 

i=l 

Since is dense both in i^(D”) and in i^(B”), it seems reasonable to dehne the 

algebras of holomorphic functions on the quantum polydisk and on the quantum ball as 
certain completions of Intuitively, the idea is to “deform” the pointwise mul¬ 

tiplication on i^(D”) and ^(B”) in such a way that ZiZj = qZjZi for all i < j. This idea 
is too naive, however, because it is not immediate whether there exists a multiplication 
satisfying the above condition. In fact, to give a “correct” dehnition of our quantized alge¬ 
bras, we have to “deform” not only the multiplication, but also the underlying topological 
vector spaces of i^(D”) and (see Remark 3.12). 

The structure of the paper is as follows. After giving some preliminaries in Section 2, 
we proceed in Section 3 to dehne our quantized function algebras and ^q(B”). 

The algebra was introduced earlier in [110] in a more general multiparameter case, 

while the (more involved) dehnition of is new. In the same section we show that 

the algebra isomorphism i^g®®(C"') —)■ i^^!.®(C"') given by Xi i-A x^-i extends to i^g(D]!) 
and In Section 4, we show that ^g(D]!) and i^q(B”) are topologically isomorphic 

if |g| 7^ 1, but are not topologically isomorphic if |g| = 1, n > 2 and r < oo. The latter 
result may be viewed as a g-analog of Poincare’s theorem, which asserts that D” and B” 
are not biholomorphically equivalent. In Section 5, we compare ^g(B”) (in the special 
case where 0 < g < 1) with L. L. Vaksman’s algebra of continuous functions on the closed 
quantum ball [167]. Roughly, our result is that is isomorphic to the completion of 

^reg(^n) respect to the “quantum sup-norms” over the closed balls contained in B”. 

The rest of the paper is devoted to a deformation-theoretic interpretation of i^g(D”) 
and ^g(B]!). To see where our approach comes from, let us come back again to the purely 
algebraic case and discuss in which sense ^g®®(C"') is a deformation (or, more exactly, a 
Laurent deformation) of ^''®®(C"'). By a Laurent deformation of a C-algebra A we mean 
a family : q G C^} of associative multiplications on A such that is the initial 
multiplication on A and such that for every a,b E A the function q G i-A a6 G A is 
an A-valued Laurent polynomial. Equivalently, a Laurent deformation of A is a C[t^^]- 
algebra R together with an algebra isomorphism R/{t — 1)R = A such that i? is a free 
C[t^^]-module. To see that the above dehnitions are equivalent, observe that for each 
q E we have a vector space isomorphism R/(t — q)R = A, so we can let (A,*^) = 
R/{t — q)R. If we identify the underlying vector spaces of ^g®®(C"') and i^’'®§(C"') via the 
isomorphism x^ eE x^ {k E Iff), then the resulting family of multiplications on ^''®®(C"') 
clearly becomes a Laurent deformation of ^''®®(C"'). 

The above dehnition of a Laurent deformation has a natural “holomorphic” analog 
in the case where A is a complete locally convex topological algebra. Specihcally, we 
can replace C[t^^] by the algebra i^(C^) of holomorphic functions on and consider 
“topologically free” modules instead of free modules (cf. also Subsection 8.2). This 
approach is systematically developed in [103], but it is too restrictive for our purposes. 
The reason was already mentioned above; in general, the multiplication on i^(D]!) cannot 
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be deformed in such a way that ZiZj = qZjZi for all i < j. Therefore there is no chance to 
construct a holomorphic deformation of ^(D”) in the sense of [103]. 

Our approach is based on the following observation. Let R denote the Laurent de¬ 
formation of introduced above. Thus i? is a C[f^^]-algebra such that for each 

g G we have R/{t — q)R = a^d such that R is free over It is easy to 

see that we have a C[t^^]-algebra isomorphism 

R^{C[t^^]®Fn)II, (1.1) 

where = C(Ci,..., Cn) is the free algebra and / is the two-sided ideal of (8) Fn 

generated by CiCi ~ KjCi < j); cf. [56]. To construct a deformation of (where 

D is either D” or B”), we suggest to replace C[f^^] by ^(C^) in (1.1), to replace (8) by 
(g) (where 0 is the completed projective tensor product), and dually, to replace Fn by 
a suitable “analytic free algebra” (i.e., the completion of Fn with respect to a suitable 
locally convex topology). 

Of course, the nontrivial part of the above program is to construct an appropriate 
completion of Fn- If D = D”, then we have at least two natural candidates for such a 
completion, namely the “free polydisk” algebras .^"'"(D”) and ^(D”) introduced in [160] 
and [110], respectively. In [110], we proved that the quotient of ^(D”) modulo the closed 
two-sided ideal generated by QQ — qCjCi (* < j) is topologically isomorphic to ^^(D”). In 
Section 6 of the present paper, we show that a similar result holds for ^"'"(D”). To this 
end, we prove that .^"'"(D”) has a remarkable universal property formulated in terms of 
the joint spectral radius. 

To perform a similar construction in the case where H = B”, we discuss in Section 7 
the “free ball” algebra ^(B”) introduced by G. Popescu in [118]. We give an alternative 
definition of .^(B”), which seems to be more appropriate for our purposes, show that 
Popescu’s definition is equivalent to ours, and prove that the quotient of ^(B”) modulo 
the closed two-sided ideal generated by QQ — qCjCi (* < j) is topologically isomorphic to 
^g(B”). We believe that the interpretations of ^^(ID)”) and i^g(B]!) as quotients of 
and ^(B”), respectively, indicate that our ad hoc dehnitions of i^g(D]!) and i^g(B]!) given 
in Section 3 are indeed the “correct” ones. 

The results of Sections 6 and 7 are then applied in Section 8 to construct Frechet 
^(C^)-algebras which can be viewed as “holomorphic deformations” of 1^(0”) and ^(B”). 
Specihcally, using (1.1) as a motivation, for every F G {^(D”), ^"^(D”), .^(B”)} we 
consider the quotient (i^(C^) <^F)/I, where / is the closed two-sided ideal of ^(C^) 0F 
generated by CiCj ~ KjCi (* < j)- This yields three Frechet i^(C^)-algebras denoted by 
^def(Dr), ^def(®r)) ^^^^1 ^def(®r), respectively. If we let R = ^def(Dr) or R = i^Jgf(D]l), 
then for every g G we have R/{t — q)R = ^g(D”). Similarly, if we let R = ^def(lBr), 
then for every g G we have R/{t — q)R = ^^(Bjl). Moreover, we show in Subsection 8.1 
that the ^(C^)-algebras ^def(I®]l) and are isomorphic, in spite of the fact that 

^(D”) and are not isomorphic in general. In Subsection 8.2, we prove that 

^def(I®r) is not topologically free over ^(C^) (in contrast to its algebraic prototype (1.1), 
which is free over C[t^^]). In Subsections 8.3 and 8.4, we show that the Frechet algebra 
bundles E(D”) and E(B”) associated to ^def(Dr) and ^def(lBr) are continuous, and that 
they form strict Frechet deformation quantizations of ^(D”) and in the sense of 

Rieffel. In Subsection 8.5, we establish a relation between deformations in our sense and 
formal deformations. Specihcally, we show that the C[[h]]-algebras C[[/i]] G)^(CX) ^def(Dr) 
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and C[[/i]] 0^(cx) ^def(®r) are formal deformations of ^(D”) and respectively. 

The nontrivial point here is to show that the above algebras are topologically free over 
C[[/i]]. Finally, Appendix A contains some auxiliary facts on bundles of locally convex 
spaces and algebras. 

Some of the results of the present paper were announced in [108]. 

2. Preliminaries and notation 

We shall work over the held C of complex numbers. All algebras are assumed to be 
associative and unital, and all algebra homomorphisms are assumed to be unital (i.e., to 
preserve identity elements). By a Frechet algebra we mean a complete metrizable locally 
convex algebra (i.e., a topological algebra whose underlying space is a Frechet space). A 
locally m-convex algebra [87] is a topological algebra A whose topology can be dehned by 
a family of submultiplicative seminorms (i.e., seminorms || ■ || satisfying ||a6|| < ||a||||&|| for 
all a,h E A). A complete locally m-convex algebra is called an Arens-Michael algebra [60]. 

Throughout we will use the following multi-index notation. Let = NU{0} denote the 
set of all nonnegative integers. For each n G N and each d G Z+, let Wn,d = {1, • • •, 
and let Wn = Udez+ ^n,d- Thus a typical element of Wn is a d-tuple a = (ai,..., 0 ;^) 
of arbitrary length d G Z+, where aj G {1, ... ,n} for all j. The only element of Wn,o 
will be denoted by *. For each a G Wn,d C IFn, let |q;| = d. Given an algebra A, an 
n-tuple a = (oi,..., an) G A”, and a = (ai,..., ad) G Wn, we let G A 

if d > 0; it is also convenient to set a* = 1 G A. Given k = {ki,, kn) G Z”, we let 
= a!l^ ■ ■ -a^. If the ads are invertible, then makes sense for all k G Z”. As usual, 
for each k = {ki,..., kn) G lA, we let |A;| = |A;i| \kn\. Given d G Z+, we let 

{:Ll)d = {kE'Ll-.\k\ = d}. 

We will also use the standard notation related to g-numbers (see, e.g., [52,67,70]). 
Given g G = C \ {0} and k eN, let 

[k]g = 1 -I- g -I--h g^ [k]q\ = [l]q[2]g • • • [k]q. 

It is also convenient to let [0]^! = 1. li k = {ki,... ,kn) G Z”, then we let [k]q\ = 
[k^q\ ■ ■ ■ [kn\q\. If |g| < 1, then for each a G C we let (a; g)oo = n^o(^ ~ aq^). 

Given an algebra A, the Arens-Michael envelope of A is the completion of A with respect 
to the family of all submultiplicative seminorms on A. Equivalently, the Arens-Michael 
envelope of A is an Arens-Michael algebra A together with a natural isomorphism 

HomAig(A,P) = HomAM(A,i?) {B E AM), (2.1) 

where Alg is the category of algebras and algebra homomorphisms, and AM is the cate¬ 
gory of Arens-Michael algebras and continuous algebra homomorphisms. Moreover, the 
correspondence A i-)- A is a functor from Alg to AM, and this functor is left adjoint to the 
forgetful functor AM —)■ Alg (see (2.1)). 

Arens-Michael envelopes were introduced by J. L. Taylor [159] under the name of “com¬ 
pleted locally m-convex envelopes”. Now it is customary to call them “Arens-Michael 
envelopes”, following the terminology suggested by A. Ya. Helemskii [60]. 

Here are some basic examples of Arens-Michael envelopes. \i A = <C[zi,..., Zn\ is the 
polynomial algebra, then the Arens-Michael envelope of A is the algebra ^(C"") of entire 
functions on C” [160]. More generally [106, Example 3.6], if X is an affine algebraic 
variety and A = is the algebra of regular functions on X, then A is the algebra 
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ff{X) of holomorphic functions on X. A similar result holds in the case where {X, 
is an affine scheme of hnite type over C [110, Example 7.2], 

Let g G C^. Recall from Section 1 that the algebra of regular functions on 

the quantum affine n-space is generated by n elements xi,... ,Xn subject to the relations 
XiXj = qXjXi for all i < j (see, e.g., [30]). The Arens-Michael envelope of is 

denoted by ^g(C"') and is called the algebra of holomorphic functions on the quantum 
affine space [106]. As was shown in [106, Theorem 5.11], we have 

= |a = X] Ckx’' : ||a||p = ^ \ck\wq{k)p''^'' <ooWp> o|, (2.2) 

fcez" fcez" 


where 


Wq{k) 


1 if |g| > 1; 

if |g| < 1. 


(2.3) 


The topology on ^^(C") is given by the norms || ■ ||p (p > 0), and the multiplication is 
uniquely determined by XiXj = qXjXi {i < j). Moreover, each norm || ■ ||p is sub multiplica¬ 
tive. 

Let now Fn = C(Ci,..., Cn) be the free algebra. As was observed by Taylor [160], the 
Arens-Michael envelope of Fn is isomorphic to 


n 


CaCa ■ ||a||p = < OO Vp > 0|. 

aeWn aeWn 


(2.4) 


The topology on is given by the norms || ■ ||p (p > 0), and the multiplication is given 
by concatenation (like on Fn). Moreover, each norm || • ||p is submultiplicative. 

We refer to [44,46,106] for explicit descriptions of Arens-Michael envelopes of some 
other hnitely generated algebras, including quantum tori, quantum Weyl algebras, the 
algebra of quantum 2 x 2-matrices, and universal enveloping algebras. Further results on 
Arens-Michael envelopes can be found in [42,43,45,104,105]. 

Let us now discuss some basic facts on vector-valued power series spaces. The material 
given below is fairly standard, but we have not found a convenient reference, and that is 
why we give full details. 

Let n G N, and let E = {Ek : k G Z” } be a family of Banach spaces. For each p > 1 
and each r G (0, -|-cxd], we let 


A?(E) = j 

[x = Xfc : 

\\A\P = 

(5^ lla^fcir/'^') < OO VpGI 





A“(E) = j 

\x = y^Xk: 

uiih’ = 

sup llTfcllpl^l < CX) VpG(0,r)| 


ke.ix 




By Minkowski’s inequality, for each p G [1, -I-cxd], Aj!(E) is a vector subspace of nfcez+ 
and for each p G (0,r), || ■ is a norm on Aj?(E). We endow Aj!(E) with the locally 
convex topology determined by the family {|| • : p G (0,r)} of norms. 


Lemma 2.1. For eachp,q G [1,-1-cxd], A(!(E) = A^(E) as locally convex spaces. Moreover, 
if p < q and 0 < p < r < r, then we have 


n 



(2.5) 
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on A^(E), where 



Finally, AJ?(E) is a Frechet space. 

Proof. The metrizability of A^(E) is immediate from the fact that the family {|| ■ : p E 

(0, r)} of norms is equivalent to the countable subfamily {|| ■ : i G N}, where (p*) is any 

increasing sequence converging to r. A standard argument (see, e.g., [86, Lemma 27.1]) 
shows that A^(E) is complete. 

Recall that we have C whenever p < q, and that the f"^-norm of any a E is less 
than or equal to the f'^-norm of a. Therefore A^(E) C A^(E), and, for each p E (0,r), we 
have II ■ IIp*^^ < || • ||p^^ on Ap(E). Assume now that q < oo, and let 

q q 11 

s = -, s' = -, so that — I -= 1 and ps' = i. 

p q — p s s' 

By using Holder’s inequality, for each x E A^(E) and each r E {p,r) we obtain 



Thus A^(E) C A^(E), and (2.5) holds. This completes the proof in the case where q < oo. 
The case g = cxd is similar. □ 

3. Quantum polydisk and quantum ball 

Let us start by recalling a well-known power series characterization of the algebra i^(D”) 
of holomorphic functions on the polydisk (see, e.g., [86, Example 27.27]). We have 

^(D") = |a = 51 ■ ll®ll»T = 51 \ck\p^^^ < cx) Vp e (0,r)|. (3.1) 

fcez" fceZ" 

The space on the right-hand side of (3.1) is a subalgebra of C[[ 2 ;i,..., 2 :„]] and a Frechet- 
Arens-Michael algebra under the family {|| ■ ||d,p : p G (0,r)} of submultiplicative norms. 
The Frechet algebra isomorphism (3.1) takes each holomorphic function on D” to its 
Taylor expansion at 0. 

The following dehnition is motivated by (3.1) and (2.2). 

Definition 3.1 ( [109,110]). Let q E , and let r G (0, -|-cx)]. The algebra of holomorphic 
functions on the quantum n-polydisk of radius r is 

= |a = 51 • ll®lli»T = 51 < oo Vp G (0,r)|, 
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where the function tCgi Z” —)■ M+ is given by (2.3). The topology on ^g(D”) is given by 
the norms || ■ llu^p (0 < p < r), and the multiplication on is uniquely determined 

by XiXj = qXjXi for all i < j. 

In other words, i^g(D”) is the completion of with respect to the family {|| ■ : 

p G (0,r)} of submultiplicative norms. Letting g = 1 in Dehnition 3.1 and comparing 
with (3.1), we see that the map ^(D”) —)■ i^i(D”) taking each / e ^(D”) to its Taylor 
series at 0 is a Frechet algebra isomorphism. Note that, if r = oo, then ^g(D”) = i^g(C"') 
(see (2.2)). 

To dehne the algebra of holomorphic functions on the quantum ball, we need the follow¬ 
ing generalization of (3.1) due to L. A. Aizenberg and B. S. Mityagin [3] (see also [144]). 
Given a complete bounded Reinhardt domain D C C”, let 

bk{D) = sup \z^\ = sup \z^\ (k e Z”). 

z^D z&dD 

Aizenberg and Mityagin proved that there is a topological isomorphism 

ff{D) = {f=Yl • ll/ll^ = E < oo Vs e (0,1)} (3.2) 

fceZ" fceZ" 

taking each holomorphic function on D to its Taylor series at 0. 

We clearly have bk(Dr) = so (3.1) is a special case of (3.2). Consider now the case 

D = n^. 


Lemma 3.2. For each r G (0, -|-cxd), we have 


bk{K) = 



r'^l. 


Proof. This is an elementary calculation involving Lagrange multipliers. □ 

Corollary 3.3. For each r G (0, -|-cxd], there is a topological isomorphism 

<y(B;)^|/= 5^ |c»|(^)%l'-1<«3Vp6(0,r)| (3.3) 

fcez" fcez" Ml/ J 

taking each holomorphic function on to its Taylor series at 0. 

Proof. Let i^'(B”) denote the power series space on the right-hand side of (3.3). If r < cxd, 
then the isomorphism OWf) = is immediate from (3.2) and Lemma 3.2. To prove 

the result for r = oo, observe that we have obvious topological isomorphisms 

^(C-) - l^m^^^ ^(B-), (3.4) 

Moreover, the isomorphisms —)■ ^'(B”) (see (3.3)), which are already dehned 

for all r < cxd, are clearly compatible with the linking maps of the inverse systems (3.4). 
Letting poo = we obtain the required topological isomorphism for r = cxd. □ 

For our purposes, a slightly different power series representation of ^(B”) is needed. 
Let us start with an elementary lemma. 


Lemma 3.4. For each k E Zf, let 


k^ 


k\ 
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Then ^ 

= (3.6) 

k^oo y 6^ y 

Proof. For each m G let m'^ = m + 1. By Stirling’s formula, there exists a function 
6^; Z_|_ —)■ M such that 9{m) —)■ 0 as m —)■ cxd and^ 

ml = (m G Z+). (3.7) 

Therefore for each k = (/ci,..., k^) G Z" we have 

k\ = {2TiY/^{kt • ■ • A;+)^/2^^g-|fc|+Ei0(fcd^ 

|A;|! = (27r)i/y|A;| + 1) V2|^|Fle-FI+^(FI), 

whence 

^ u+\ 1 

{k G Z”), 




= (271)- 


1^1 + 1 

where r(/c) = ~ ^(1^1) is bounded. Now, in order to prove (3.6), it remains to 

show that 

'kt---kf\^' 


We have 


lim , ,, , 

k^oo y |/i;| + 1 


kt---kf\^ < /(|A;| + 1)"^* 


= 1 . 


(3.8) 


1^1+ 1 


1^1+ 1 


kf ■ ■ ■ kf\ ^1''! ^ f maxj kf ^ ^ ^ 1 ^ aiki 

~Jk\TT 


> 


> I - 
n 


+ 1) 2|fc| (A; —)■ cxd); 

{k —)■ cxd). 


^ 1 


\k\ + 1 

This proves (3.8), which, in turn, implies (3.6). 

Proposition 3.5. For each r G (0, +cxd], there is a topological isomorphism 


□ 


|Cfc| 


k\ 


\k\\ 


< cxD Vp G (0, r) 


(3.9) 


/ = E ■ Ill'll*-*' = E 

fcez" keZ’i 

taking each holomorphic function on to its Taylor series at 0. 

Proof. In view of Corollary 3.3, it suffices to show that the families 
{II • IIb,p : P e (0,r)} and {|| ■ ||b,p : P e (0,r)} 
of norms are equivalent on 'C[zi,... ,Zri\. Dehne sequences {ak)kez" and {bk)ke'Z" by (3.5). 
Fix any p G (0,r), and choose pi G (p, r). By Lemma 3.4, there exists 77 G N such that 


(3.10) 


P_ 

Pi 


< 


hj ~ p 


Ojk 


Using (3.11), we can hud C > 0 such that 

FI 


> K). 


/ \ i«i / \ FI 

a'P<Cbf(fP , bf<Ca'P(fP (keZ 


(3.11) 


^We use m“i" instead of m in (3.7) in order to cover the case m = 0, which is essential when we pass to 
multi-indices. 
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Hence for each / = CkZ^ G C[ 2 ;i ,... ,Zn] we have 

ll/ll.., = E ktiif pf' = c|i/|i;,,„ 

k k 

ll/llk, = E < cE ktl»f pf' = C||/||,,„, 

k k 

Thus the families (3.10) of norms on £\zi, • • •, are equivalent, and hence the power 
series spaces on the right-hand sides of (3.9) and (3.3) coincide. This completes the 
proof. □ 

Remark 3.6. At the moment, it is not obvious whether the norms || ■ ||b,p dehned by (3.9) 
are submultiplicative on In fact they are, and this can be proved directly by using 

the inequality 

/ m\ /p\ ^ /m -h 
[nj [gj - [n + gj’ 

which is immediate from the Chu-Vandermonde formula (see, e.g., [157, 1.1.17]). We omit 
the details, because a more general result will be proved in Theorem 3.9. 


Now, in order to dehne a g-analog of ^(B”), we need to “quantize” the norms 
given by (3.9). This will be done in the following two lemmas. 


Lemma 3.7. For each g > 0 and for each k,i ^ Zf, we have 


[k + i],\ - [k]f. [^]f. 


(3.12) 


Proof. We use induction on n. For n = 2, the g-analog of the Chu-Vandermonde formula 
(see, e.g., [79, 2.1.2, Proposition 3]) implies that 


f ki k2 -\- ^* 2 ^ fkiF k^X ( + ^2 

V ^1+4 \ 3 au+4-j 


qjih-ki+j) 

Q 


This is exactly (3.12) for n = 2. Suppose now that n> 3, and, for each k = (fci, ..., kn) G 
Z” , let k' = (/ci, ..., kn-i) G Z”“^ By the induction hypothesis, we have 


\k' + F\ ! 
u-^ ^ 

[k' + ^V■ - 


W W- 


y. 


<j<r] 


ki£j 


(3.13) 


Applying (3.12) to the 2-tuples {\k'\,kn) and (|P|,£„), we get 


\k'\+kn+\e\+in]j. ^ [\k’\+kn]^\ [\i'\+in]j. ^ 

[\k'\ + m],nkn+L],i - [\k'\]j[kn]f. 

Multiplying (3.13) by (3.14) yields (3.12). □ 


Lemma 3.8. Given g G C^, let 

Uq{k) = \g\Zi<j><:iG 


{k = {ku...,kn)ezi). 
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For each p > 0, define a norm on by 


i,p 




|Cfc| 


WkP 

0^1] 


kP 


\ 1/2 

/ fcez" 


c(A;,£) = 


Then || • ||b,p is submultiplicative. 

Proof. For each A;,£ G Z”, let 

Then 

x'^x^ = c{k, i)x’^+^ 

(see, e.g., [10,55]). By [106, Lemma 5.7], || • ||b,p is submultiplicative if and only if for each 


[k + €\\q\2\ 

> + £[ 


1/2 


Uq{k + tj \c{k,tj\ < 


kP 


WkP- MkP- 


1/2 


Uq{k)Uq{tj. 


(3.15) 


kP 


We have 

Uq{k + t) \c{k,t)\ = |g|Zi<j(^i+^i)(fcj+L)|g|-Ei<jfcFi = |q,|Ei<jfcifcj+UL+fcibj 
Uq{k)Uq{i) = 

Therefore (3.15) is equivalent to 


[fc + ^]|gp! 

0^ + ^l]|,p! 


1/2 


< 


[/c]kp! [f*]|(jp! 


1/2 

IqI 


'PiKj 


(3.16) 


O^Olgp! 0^l]|qp-, 

Raising (3.16) to the power —2 yields (3.12) with q replaced by |gp. The rest is clear. □ 
Theorem 3.9. Let q E , and let r G (0, +cxd]. The Frechet space 

[k]\q\2 


'q\^r , 


{/=E 

A:eZ2 


1/2 


CkX^ : 


E 


Cfc 


.l^l]|qp' 




,(A;)p'^' < ooMp E (0, r) 


is a Frechet-Arens-Michael algebra with respect to the multiplication uniquely determined 
by XiXj = qXjXi {i < j). Moreover, the norms || • ||b,p are submultiplicative on ffq{Wf). 

Proof. Immediate from Lemma 3.8. □ 

Definition 3.10. The Frechet algebra ^q(M^) will be called the algebra of holomorphic 
functions on the quantum n-ball of radius r. 


In other words, i^g(B”) is the completion of with respect to the family {|| • ||b,p : 

p E (0,r)} of submultiplicative norms. Letting g = 1 in Dehnition 3.10 and comparing 
with (3.9), we see that the map (^(B”) ^ <^i(B”) taking each / G iTfWf) to its Taylor 
series at 0 is a Frechet algebra isomorphism. 


Remark 3.11. At the moment, we still do not know whether ^^(B]]^) = ffqifiT). This will 
be proved in Section 4. 
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Remark 3.12. One may wonder why we do not try to define g-deformed multiplications 
on the same Frechet spaces and The answer is that such multiplications do 

not exist in general. To be more precise, if |g| < 1 and n > 2, then there is no continuous 
multiplication a on ^(D”) such that XiXj = Xi-kXj = qXj-kXi for all i < j (where xi,... ,Xn 
are the coordinates on C'^). Indeed, assume that such a multiplication exists. Then for 
each p G (0,r) there exist O > 0 and s G (0,r) such that ||/Ag||p < 0||/||s||g||5 {f,g G 
^(D”)). In particular, for each m G N we have ||a;™Aa;™||p < 0||a;™|l5||a;™||s = 

Since ||a;™Aa;™||p = \\q~"^^x^x^\\p = \q\~^^p‘^'^, we conclude that < 0(s/p)^™ for 

all m, which is a contradiction. A similar argument works for i^(B”). 


Our next goal is to extend the algebra isomorphism 


r: 


“') Ai(C”'), Xi H-)■ Xn-i, 


to i^ 5 (D”) and To this end, we need a lemma. 

Lemma 3.13. For each g > 0 and each k = (/ci,..., kn) G Z”, we have 


[k] 


FFiKj kikj ^ 




Proof. For each m G Z+, we have [m]q = g”^“^[m]q-i, and so 


Therefore 


q 2 


m(m—1) 

[m]q\ = q 2 [m]q-i\. 




n^i<j _h_i2_ nFi<j 

\\k\] I ^ Ifc|(|fc|-1) ^ ^ y 

LI IJo n 2 |/;;|j _J 


q 2 


(3.17) 


Ei fc?+2Ei<j >^ikj-T.i kj 


■Q 


T.i<jkikj ^ 




m]q-.'- 


Corollary 3.14. For each g G C^, each f G i^g(B”), and each p G (0,r), we have 


i,p 


E 

k&Tl 


\Ck\ 




1/2 

P 


\k\ 


□ 


Proof. Apply Lemma 3.13 with g replaced by |gp. 


□ 


Proposition 3.15. For each g G and each r G (0, +cxd], there exist topological algebra 
isomorphisms 


Tp: i^g(D”) ^g-i(D”), Xi I—)■ 

^ ^g-l(B”), Xj e- )■ Xn-i. 


Moreover, for each f G each g G ^g(B”), and each p G ( 0 ,r), we haiie 
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Proof. For convenience, let us denote the norm || • on i^q(D”) by || • ||D,g,p- Similarly, 
we write || • ||B,g,p for the norm || ■ ||b,p on In view of (3.17), it suffices to show 

that for each / G and each p > 0, we have 

I|t(/)IId.,-.,,= II/IId,,,,; (3.19) 

lk(/)l|,,,-.,, = ll/ll.,,,,. (3.20) 

Without loss of generality, we may assume that |g| < 1. 

Observe that, for each k = (/ci, ..., kn) G , we have 

t{x^) = ■ ■ ■ x’p = ■ ■ ■ ^n^- 

Therefore, for each / = ^ 

\\r{f)\\n,q-\p = |cfc|wg(/c)pl^l = ||/||D,q,p. 

k 

This proves (3.19). Similarly, using Corollary 3.14, we obtain 

\\r{f)\\M,q-^,p = Y \^k\Uq{k) pl^l = \\f\\M,q,p. 

This proves (3.20) and completes the proof. □ 


4. A g-ANALOG OF POINCARE’S THEOREM 

A classical result of H. Poincare [111] (see also [134, Theorem 2.7]) asserts that the 
polydisk D” and the ball are not biholomorphically equivalent (unless n = 1 or r = cx)). 
By O. Forster’s theorem [51] (see also [57, V.7]), the category of Stein spaces is anti¬ 
equivalent to the category of Stein algebras (i.e., Frechet algebras of the form ^{X), 
where A is a Stein space) via the functor X i—)■ ff{X). Therefore, when translated into 
the dual language, Poincare’s theorem states that the Frechet algebras ^(D”) and 
are not topologically isomorphic. 

A natural question is whether or not Poincare’s theorem has a g-analog, i.e., whether 
or not the Frechet algebras and ffqiWf) are topologically isomorphic. The goal of 

this section is to answer the above question. 


Lemma 4.1. For each q G (0,1) and each k G Z” , we have 


{.TAToo < 


[k]q'- 

0^1],! 


< 1 . 


Proof. Let k = {ki,..., kn) G Z” . Then 

w,! n".iW,! n".i nhi(i -‘>4 

On the other hand. 


n ki 

nn 


i=l j=l 


1-q^ 


< 1 . 


0^1],! 


n ki n oo 

i=l j=l 2=1 j=l 




□ 
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Theorem 4.2. Let q G C^, |g| 7^ 1, and let r e (0 ,+cxd]. Then as 

veetor subspaees of C[[xi,... ,a;n]] and as Frechet algebras. Moreover, for eaeh p G (0,r) 
we have 

(kl>i); (4.1) 

(kP;l?n"'"Mk,<Mlv<Mk,, (kl<i). (4.2) 

Proof. To prove the result, it suffices to show that (4.1) and (4.2) hold on ^q®®(C”). Sup¬ 
pose hrst that l^l > 1. Applying Corollary 3.14 and Lemma 4.1, for each / = Xlfc G 
^regj'(Qn^ wc obtain 



k 


This completes the proof in the case where |g| > 1. The case |g| < 1 is reduced to the 
previous one by applying (3.18). □ 

Corollary 4.3. For eaeh q E , we have ^q(B))^) = i^g(C"') as vector subspaees of 
C[[(ri,..., t]] and as Freehet algebras. 

Proof. If |g| 7 ^ 1, then the result follows from Theorem 4.2. Suppose now that l^l = 1. 
By looking at (2.2) and (3.1), we see that the map from ^(C"") to ^g(C"') that takes each 
/ G (^(C”) to its Taylor series at 0 is a Frechet space isomorphism. On the other hand. 
Proposition 3.5 yields a similar topological isomorphism between the underlying Frechet 
spaces of ^(C"") and ^q(B^). By composing these isomorphisms, we obtain a Frechet 
space isomorphism between ^g(C"') and i^g(B^) taking to x^ {k G Iff). Clearly, this 
is an algebra isomorphism. □ 

Remark 4.4. We have already mentioned that, for each q G C^, the monomials {k G 
If) form a basis of i^g®®(C"'). Hence we have a vector space isomorphism ^''®®(C"') -E 
^reg(^n) gjygj^ ]^y ^ ^ jg natural to ask whether a similar result holds for i^g(D)!) 

and ffqfWf), i.e., whether there exist Frechet space isomorphisms 

ipv. ^(D)l) ^ ^,(D)1), P2-. ^ XK). 

that take each holomorphic function / to its Taylor series at 0. If |g| = 1, then, com¬ 
paring (3.1) with Dehnition 3.1 and (3.9) with Dehnition 3.10, respectively, we see that 
both ipi and ip2 are Frechet space isomorphisms. The same argument shows that pi is a 
Frechet space isomorphism whenever |g|>l. lf|g|<l, then pi is a continuous linear 
map (because Wq{k) < 1), but is not an isomorphism by Remark 3.12. For the same 
reason, if |g| < 1, then p 2 is a continuous linear map, but is not an isomorphism. Finally, 
if |g| > 1, then p2 is not well dehned (unless r = cx)). Indeed, if p2 existed, then we would 
have a chain of linear maps 
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and the composite map (p\ —)■ ^(D”) would take each to itself. Therefore 99 

would be an inverse for the restriction map ^(D”) —)■ which is a contradiction. 

Now let us turn to a more difficult and more interesting case |g| = 1. To prove our 
g-version of Poincare’s theorem, we will need to extend the notion of joint spectral radius 
in Banach algebras (see [96, V.35 and Comments to Chapter V]) to the setting of Arens- 
Michael algebras. 


Definition 4.5. Let A be an Arens-Michael algebra, and let {|| ■ ||a : A G A} be a directed 
dehning family of submultiplicative seminorms on A. Given an n-tuple a = (ai,, an) G 
A”, we dehne the joint i^-spectral radius rp{a) by 


l/pd 


rAa) = sup lim ( > ||oo|Ia ) for 1 < p < cx); 


( \ 

(a) = sup lim I sup ||aa||A) 




(4.3) 


Remark 4.6. The joint £°°-spectral radius was studied by A. Soltysiak [156] in the case 
where the a/s commute, but A is not necessarily locally m-convex. 


By [96, C.35.2], the limits in (4.3) always exist. In contrast to the Banach algebra 
case, it may happen that r^(a) = +cxd. For example, if A = ^(C) and 2 : G A is the 
complex coordinate, then an easy computation shows that r^^z) = +cxd for all p (see also 
Examples 4.11 and 4.12 below). 

Proposition 4.7. The definition of rp{a) does not depend on the choice of a directed 
defining family of submultiplicative seminorms on A. 


Proof. Let A = {|| ■ ||a : A G A} and S" = {|| ■ ||^ : /i G A'} be two directed dehning 
families of submultiplicative seminorms on A, and let r^(a; S) and r^(a; S') denote the 
respective joint spectral radii. Then for each p G A' there exist A G A and C > 0 such 
that II ■ 11^ < C|| ■ ||a on A. Therefore for each p G [1, +cxd) we obtain 


lim ( 

d^OO \ 


E 


lb 


l/pd 


< 


lim 

d^oo 


E 

aeWn,d 


rJ 


l/pd 


< rpia; S), 


whence (a; S') < rp(a; S). For p = 00 , the computation is similar. Since S and S' are 
equivalent, the result follows. □ 


Given an algebra A, an n-tuple a = (oi,..., a„) G A”, and an algebra homomorphism 
ip: A ^ B, we denote by ip{a) the n-tuple (<p(ai),..., <p(a„)) G 

Proposition 4.8. Let A and B be Arens-Michael algebras, and let p: A ^ B be a 
continuous homomorphism. Then for each a E we have rp(p(a)) < rp(a). 

Proof. Let {|| ■ ||a : A G A} and {|| ■ ||/i : p G A'} be directed dehning families of submul- 
tiplicative seminorms on A and B, respectively. Then for each /i G A' there exist A G A 
and C > 0 such that for each a G A we have ||(p(a)||^ < C||a||A. Let now a G A” and 
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p G [1, +cxd). We have 


Jim ( MaUl 


l/pd 


Jto( 5^ Me 


1/pd 


Ol&Wn,d 

< lim V 

d-^oo \ 

a6W„,d 

For p = oo, the computation is similar. The rest is clear. 


) < rp{a). 


^o|lA 


□ 


Corollary 4.9. Let A and B he Arens-Miehael algebras, and let(p: A ^ B he a topological 
algebra isomorphism. Then for each a E A^ we have r^((p(a)) = r^i^a). 

Remark 4.10. If A is a commutative Banach algebra, then for each a E A^ we have 

Tp (a) = sup{|| 2 :||p : 2 : e aA(a)}, (4.4) 

where aAia) is the joint spectrum of a and || ■ ||p is the t'^’-norm on C” (see [155] or [96, 
Theorems 35.5 and 35.6]). This result easily extends to commutative Arens-Michael 
algebras. Indeed, let A be a commutative Arens-Michael algebra, and let {|| ■ ||a : A G A} 
be a directed dehning family of submultiplicative seminorms on A. For each A G A, let 
Aa denote the completion of A with respect to || • ||a. By dehnition, we have r^(a) = 
supArp^(aA), where ax is the canonical image of a in A”. On the other hand, a standard 
argument (cf. [60, Proposition 5.1.8]) shows that CAia) = Ua '^Aa(®a)- Applying now (4.4) 
to each ax and taking then the supremum over A, we get the result. In the case where 
p = 00 , a more general fact was proved by A. Soltysiak [156]. 

Let us introduce some notation. Given a E Wn and i E {1,..., n}, let 

Pi{a) = |Q;“^(i)|. 


Thus we have a map 


p:BA-^Z”, p(a) = (pi(q;), ... ,p„(tt)). (4.5) 

Observe that, for each k E Z” , we have 

|P-‘(*^)I = (4.6) 

Let now q E C^, and let Xi,... ,Xn be the canonical generators of ^g®®(C"'). Then for 
each a E Wn there exists a unique t(Q;) G such that 

Xa = t(Q;)a;P^"\ (4.7) 

An explicit formula for t(Q;) will be given in Lemma 7.8; at the moment, let us only 
observe that t(Q;) is an integer power of q. 

The following two examples will be crucial for what follows. 

Example 4.11. Let |g| = 1, and let x = {xi,... ,Xn) E (^^(D”)"^. We claim that 

= rx/n. 


(4.8) 
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Indeed, for each p G (0,r) we have 

l/2d 


lim ( 

d—>oo ' ' ^ 


Xn 


hP 




lim ( > \\x- 

d-^OO ' ^ ^ 


pWii? - linU y 

d-^oo V 


hp 


X2.d 


P 


= p lim |Ihn,dr/^‘^ = P lim = p^/^. 


l/2d 


d^oo 


d^oo 


Taking the supremum over p yields (4.8). 

Example 4.12. Let \q\ = 1, and let x = {xi,... ,Xn) G We claim that 

r 2 [x) = r. 

To see this, observe that for each d G Z+ we have 
'"d + n — 1 
n — 1 

Hence for each p G (0,r) we obtain 

l/2d 




Id - 


< (d + l)(d + 2) ■ ■ ■ (d + n — 1) < (d + n — 1) 


n—1 


lim ( > ||a;Q,| 

d^oo ' ^ ^ 


aeWnd 


lim ( } \\x 

d-^oo ' ' ^ 


p(a)||2 


l/2d 


Ol€.Wn,d 

lim I > 

r/—i.rv~i V 


, I /_, 7 1 IIb,p 

d-^oo\ ^ /c! ^ 

ll2d 


l/2d 


(4.9) 

(4,10) 


/ __ \ L/za 

lim( W p“) =p lim |(Z:),|‘/2'< = p. 

d-^oo \ ' ^ / d-^OQ 


k&(IX)d 


Taking the supremum over p yields (4.9). 


Remark 4.13. We have already noticed (see Remark 4.4) that, if |g| = 1, then ^q(©”) = 
^(D") and ^q(B”) = ^(B”) as locally convex spaces. Also, observe that ||(rQ,||e,p and 

lla^alli.p do not depend on q provided that |g| = 1. Hence r 2 ‘^^^"'\x) and rf''*'*"'^(a;) 
do not depend on q. On the other hand, it is easy to show that o'ff{o’^){x) = D” and 
= B”. Applying now (4.4), we obtain 

rf''('®’')(a;) = sup{||2:||2 : G B”} = ry/n] 

rf'^^®"’^(a;) = sup{||; 2||2 : G B”} = r, 

which yields an alternative proof of (4.8) and (4.9). 

Although the algebras ^^(ID)”) and ^g(B”) are not graded in the purely algebraic sense, 
it will be convenient to introduce the following terminology. Let A denote either 
or i^g(B”), and let 

Ai = span{a;^ : \k\ = i} (i G Z+). 

Then each a E A can be uniquely written as a = where Oj G A* and the series 

absolutely converges in A. The element will be called the ith homogeneous eomponent 
of a. Explicitly, if a = J2k'^kX^^ then a* = J2\k\=i'^kX^■ clearly have AiAj C Aj+j for 
all i,j G Z+. Observe also that for each a,b E A and each i E Z+ we have 

(a6)o = ^ aibj. 
i+j=£ 



QUANTIZED ALGEBRAS OF HOLOMORPHIC FUNCTIONS 


19 


Let also _ 

A>i = = spanja;^ : \k\ >i} (i G Z+). 

j>i 


Obviously, 




Here is the main result of this section. 


(hi e z+). 


(4.11) 


Theorem 4.14. If \q\ = 1, n > 2, and r < oo, then the Frechet algebras and 

are not topologically isomorphic. 

Proof. If g = 1, then the result follows from the classical Poincare theorem (see the 
beginning of this section). Thus we may suppose that q 1. Let A = B = 

and assume, towards a contradiction, that (p: B ^ A is a topological algebra 
isomorphism. For each i = 1,... ,n, let fi = p{xi) G A and g* = <p~^{xi) G B. Given k G 
let fi^k (respectively, pi^k) denote the A;th homogeneous component of /* (respectively, 
Qi). We claim that 

fi,o = 9i,o = 0 (f = l,...,n). (4.12) 

Indeed, assume that /j^o 7^ 0 for some i, and £x any j ^ i. Then we have 

/i/i = (where q' = q or q' = g"^). (4.13) 

Let now k = minjf' G : fj^g^ ^ 0}. Taking the kth homogeneous components of (4.13), 
we obtain /j,o/i,fc = (l'fj,kfi,o, whence fj^k = 0. The resulting contradiction implies that 
fifi = 0 for all i. A similar argument shows that pi^ = 0 for all i. 

Thus for each i = 1,... ,n we have (p{xi) G A>i. Using (4.11), we see that for each 

keZl 

p{x^) = v?(ti)^i • • • (p{xn)^'^ G Afi C A>|fc|. 

Similarly, (p~^{x^) G B>\k\- Hence for each m G Z_|_ we have 

F A >7717 F ^{A>m) F B >771* (4.14) 

Let now M„ denote the algebra of all complex n x n-matrices, and let a = (a^) G M„ 
and /9 = {/3ij) G be such that 

= '^aijXj, Pi^i = '^f3ijXj. (4.15) 

j j 

Using (4.12) and (4.14), we obtain 

= Pidi) ^ Pidi,! + B>2) F F{9i,l) + ^>2 = Aj/j + ^>2 

j 

^ ^ T A>2 ^ ^ fdijOijkXk T A>2 ^ ^f fdOifkXk T A>2. 

j j,k k 

Hence (3a = 1 in M„. In particular, a is invertible. 

Fix now i,j G {1,... ,n} with i < j. Since fifj = qfjfi and fi^ = fj^ = 0, it follows 
that fi,ifj,i = qfj,ifi,i- Equivalently, 

^ ^ ^ik^k ^ ^ CXjgXg g ^ ^ UjkXk ^ ^ CXiiXg. 

k i k e 



20 


A. YU. PIRKOVSKII 


Comparing the coefficients at yields aimOtjm = qoijmCtim, whence aimOijm = 0 for all 
m = 1,.. . ,n and for all i < j. In other words, each column of a contains at most one 
nonzero element. Since a is invertible, we conclude that there exists a permutation a of 
{1,... ,n} such that aij = 0 whenever i ^ o'(j), and Uo-Qp 7 ^ 0. Let r = a~^, and let 
Aj = air(i). Since f3 = a~^, it follows that 

ttirp) = Aj 7^ 0, aij = 0 (j 7^ '?■(*)); 

Ao-p) = -^o-p) A 0 ) Pij = 0 (j A 
Together with (4.12) and (4.15), this implies that 

= fiE \iXr(i) + A>2, (p~^{Xi) = giE \~^)Xa(i) + B>2. (4.16) 

Therefore for each d E Z+ we have 

(p{xf) E + A>(rf+i), (p ^{x^) E + i?>(d+i), 

whence for each p E (0, r) we obtain 

ll^(^f)lle,P>l|Af<p|kp = |A.|V, (4.17) 

lk“^(a^f)llB,p > ||A;('^)4(i)||B,p = |A;(^.)|V. (4.18) 

Fix now p E (0,r), and choose uj{p) E {p,r) and C{p) > 0 such that 

lk(Alle,P<C^(p)kllBMp) 

Letting b = xf and using (4.17), we see that 

|Ai|V < \Mxt)\\ii,p < C{p)\\xf\\u,u^p) = C{p)uj{pY. (4.19) 


Raising (4.19) to the power 1/d and letting then d —)■ cxd, we conclude that |Ai| < u{p)/p. 
Letting now p ^ r, we obtain |Ai| < 1. Applying the same argument to (p~^ and us¬ 
ing (4.18) instead of (4.17), we see that < 1. Finally, |Aj| = 1 for alH = 1,...,n. 

Given a = (ui,..., aa) E Wn, let T{a) = (r(Q;i),..., T{ad)) E Wn- Using again (4.16), 
we see that 

fa E XaXria) + ^>(|a|+l) (^^ ^ Uk); 

whence 

II/'qIIBjP a II AqXt^q.) IIbjP Ikallojp (u E IVm P E (0,r)). 

Therefore r^ifi, ■ ■ ■, fn) > r2 {xi,...,Xn)- Combining this with (4.8), (4.9), and using 
Corollary 4.9, we see that 

r = rf (xi, ...,Xn)= r^ifu • • •, /n) > r^ixi, ...,Xn)= ry/n. 


The resulting contradiction completes the proof. 


□ 


We conclude this section with an open problem related to the notion of an HFG al¬ 
gebra [109,110]. Let denote the Arens-Michael envelope (2.4) of the free algebra 
Fn- A Frechet algebra A is said to be holomorphically finitely generated (HFG for short) 
if A is isomorphic to a quotient of for some n. There is also an “internal” dehni- 
tion given in terms of J. L. Taylor’s free functional calculus. By [110, Theorem 3.22], a 
commutative Frechet-Arens-Michael algebra is holomorphically hnitely generated if and 
only if it is topologically isomorphic to ff{X) for some Stein space {X, ffx) of hnite 
embedding dimension. Together with O. Forster’s theorem [51], this implies that the 
category of commutative HFG algebras is anti-equivalent to the category of Stein spaces 
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of finite embedding dimension. There are many natural examples of noncommutative 
HFG algebras [110, Section 7]. For instance, and are HFG algebras. By 

Theorem 4.2, is an HFG algebra provided that |g| ^ 1. 

Problem 4.15. Is an HFG algebra in the ease where |g| = 1, g 7 ^ 1? 


5. Quantum ball a la Vaksman 

In this section we establish a relation between ^g(B”) and L. L. Vaksman’s algebra 
Gq(]B"'), which is a natural g-analog of the algebra G(B"') of continuous functions on the 
closed unit ball B” = B” [167]. To motivate the construction, let us start with the classical 
situation. Let Fun(C"') denote the algebra of all C-valued functions on C"". There is a 
natural involution on Fun(C"') given by f*{z) = f{z). Let Pol(C"') denote the *-subalgebra 
of Fun(C"') generated by the coordinates zi,...,Zn on C”. Glearly, we have an algebra 
isomorphism Pol(C"') = C[zi ,..., 2 :^, ^ 1 ,..., By the Stone-Weierstrass theorem, the 
completion of Pol(C"') with respect to the uniform norm ||/||^ = sup^gfn |/(;.)|is G(BQ. 
For each p > 0 and each / G 'C[zi,... ,Zn], let 

\\f\\M,p = sup |/(^)| = ||7p(/)||^, 

where 7 ^ is the automorphism of <C[zi,, Zr] uniquely determined by 'jpizi) = pzi {i = 
1,... ,n). Glearly, the completion of C[ 2 :i ,... ,Zn] with respect to the family {|| ■ ||b,p : 
p G ( 0 ,r)} of norms is topologically isomorphic to 

Now let us “quantize” the above data. Fix q G (0,1), and denote by Polq(C"') the 
^-algebra generated (as a ^-algebra) by n elements Xi,... ,Xn subject to the relations 

XiXj = qXjXi {i < j)] 
x*Xj = qXjX* (i^j); 

x*Xi = q^XiX* + (1 - q^) (l - XkX*^. 

k>i 

Glearly, for g = 1 we have Polq(C”) = Pol(C”). The algebra Polg(C”) was introduced by 
W. Pusz and S. L. Woronowicz [133], although they used different ^-generators oi,..., On 
given by Oj = (1 — Relations (5.1) divided by 1 — g^ and written in terms 

of the Oj’s are called the “twisted canonical commutation relations”, and the algebra 
Aq = Polg(C"') dehned in terms of the a^s is sometimes called the “quantum Weyl algebra” 
(see, e.g., [4,66,79,176]). Note that, while Polq(C"') becomes Pol(C"') for q = 1, Aq 
becomes the Weyl algebra. The idea to use the generators Xi instead of the ads and to 
consider Polq(C"') as a g-analog of Pol(C"') is probably due to Vaksman [163]; the one¬ 
dimensional case was considered in [76]. The algebra Polg(C"') serves as a basic example 
in the general theory of quantum bounded symmetric domains developed by Vaksman 
and his collaborators (see [166,168] and references therein). 

Let 77 be a Hilbert space with an orthonormal basis {e^ : k G Z”}. Following [133], for 
each k = (/ci,..., k^) G Z” we will write |/ci,..., kn) for e^. As was proved by Pusz and 
Woronowicz [133], there exists a faithful irreducible ^-representation tt of Polg(C"') on H 
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uniquely determined by 

n{xj)ek = a /1 - q^\J[kj + l]q2 ... ,kj + I,... ,kn) 

(j = 1,..., n, k = (/ci, ...,kn)e Z”). 

The completion of Polg(C") with respect to the operator norm ||a||op = ||7r(a)|| is denoted 
by Cq(]B'^) and is called the algebra of continuous functions on the closed quantum ball 
[167]; see also [130,133]. 

Observe now that the subalgebra of Polq(C"^) generated by xi,..., is exactly 
For each p > 0, let ■jp be the automorphism of uniquely determined by '^p{xi) = 

pxi {i = 1,... ,n). Dehne a submultiplicative norm || ■ on by 

MZ = hpi^)\\op {aezzm (5.2) 

The completion of with respect to the family {|| ■ [[^^ : p G (0,r)} of norms 

will be denoted by (B”) (the superscript “V” is for “Vaksman”). It follows from the 
discussion at the beginning of this section that (B”) is indeed a natural g-analog of 

The main result of this section is the following theorem. 

Theorem 5.1. For each q G (0,1) and each r G (0, +cxd], there exists a topological algebra 
isomorphism 

^ ^,(B]?), x,^x, {z = l,...,n). 

The proof of Theorem 5.1 will be divided into several lemmas. 


Lemma 5.2. For each k G Iff, we have 

j - |fc| 

'K{x^)eo = y [k]q2 \(1 - q^)~Wq{k)ek. 

Proof. We use induction on \k\. For |A;| = 0 there is nothing to prove. Suppose now that 
\k\ >0, and let m = min{i = 1,..., n : /c* 7 ^ 0}. We have 


ryt’'' - ryt ry> 

JU JL"fY) JU 


\ where £ = ( 0 ,..., 0 ,- 1 ,/c^+i,...,/c^). 


Using the induction hypothesis, we obtain 

|fc|-i 


'Fj>m U 


Ti{x^)eo = {1 — q^) 2 gZm+i<i<j 

= \J[F\qf. (1 - q^)~^ qY^rr,+l<i<j _ q^ ^ [kj \^2 q 

I - 1^1 

= Zk]q2 \(1 - g2) — ek. 

It will be convenient to introduce one more family of norms on Namely, for 

each p > 0 we let 

1/2 


□ 


I 11 ( 2 ) _ 




a = 


^ CkX^ G 


fceZ" 


Lemma 5.3. For each 0 < p < r < +cx) we have 


I (2) 


< 
P — 


-,P< 




t‘2 — p2 


ke'E'} 


nl‘1 


I (2) 
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Proof. This is a special case of Lemma 2.1. 


□ 


Lemma 5.4. For each p > 0, we have 


Ib,p — 


),p ? 


I oo 

Ib,p 




(2) 

Id,p‘ 


(5.3) 


Proof. Let us first consider the case p = 1, so that || • = || ■ ||op. By [133], we have^ 

||a^i||op < 1 for alH = 1,..., n. Using the maximality property of || • Hb,! (see [106, Lemma 
5.10]), we conclude that || ■ ||op < || • ||d,i. 

Now take any a = ^ Using Lemma 5.2, we see that 

||a||op > ||7r(a)eo||^ = \ck\^[k]q2 \(1 - q^yVg{k). (5.4) 


Observe that for each £ G N 

£ OO 

(1 - = 11(1 - £ 11(1 - ''"t = 

j-i 

and so for each k = (/ci,..., kn) G 

n 

lk],.< (1 - = n(1 - qT > 

i=l 

Now it follows from (5.4) that 

||a|lop > \ck?wl{k) = (g^g^)^(||a|lB,l)^. 

fceZ" 

Thus we have proved (5.3) for p = 1. The general case reduces to the case p = 1 by 
using (5.2) and by observing that 

||a||B,p = ||7p(a)l|B,i, ||a|lB,p = ll7p(a)|lD,T ^ 

Proof of Theorem 5.1. Applying Lemmas 5.3 and 5.4, we see that the families 

{II • IId,p : P e (0,r)}, (11 ■ llgp : p e (0,r)}, {|| ■ ||^p : p e (0,r)} 

of norms on ^g®®(C"') are equivalent. The rest follows from Theorem 4.2. □ 

Remark 5.5. In the special case where r = cxd. Theorem 5.1 is equivalent to [106, Theorem 
5.16]. 


Remark 5.6. Lemmas 5.3 and 5.4 imply that for each 0 < p < r < +cx) we have 

/ _ ^2 \ Ti/2 

y —II • ||d,p < II • ll^r ^ II ■ IId.t- (5-5) 

While the second inequality in (5.5) holds in the classical case g = 1 as well, the hrst 
inequality in (5.5) becomes useless (since (g^;g^)oo —)■ 0 as g —)■ 1). Geometrically, this 
can be explained as follows. If we £x r and take p < r close enough to r, then the polydisk 
of radius p will not be contained in the ball of radius r, and so the supremum over the 
polydisk (which is less than or equal to || ■ ||b,p) will not be dominated by the supremnm 
II ■ llf^.,- over the ball. 

^In fact, it is easy to show that ||a;i||op = 1 for all i = 1,... ,n, but we will not use this equality here. 
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6. Quantum polydisk as a quotient of the free polydisk 

We begin this section by recalling some results from [110]. Let (Aj)jg/ be a family of 
Arens-Michael algebras. The analytic free product [34,110] of (Aj)ig/ is the coproduct of 
ifzj in the category of Arens-Michael algebras, i.e., an Arens-Michael algebra *ifzi Ai 
together with a natural isomorphism 

HomAM(,*^ = ]^HomAM(-4i,i?) {B e AM). 

iei 

The analytic free product always exists and can be constructed explicitly [34,110]. Clearly, 
the analytic free product is unique up to a unique topological algebra isomorphism over 
the Afs. 

Let r > 0, and let = D); denote the open disk of radius r. 

Definition 6.1 ( [110]). The algebra of holomorphic functions on the free n-dimensional 
polydisk of radius r is 

^(D”) = ^(DQT---T^(DQ. (6.1) 

Note that replacing in (6.1) the analytic free product * by the projective tensor product 
(8) yields the algebra of holomorphic functions on D”. If r = cx), then ^(D”) = ^(C^) = 
the Arens-Michael envelope (2.4) of [110, Proposition 3.9]. 

The algebra .^(D”) can also be described more explicitly as follows. For each i = 
1,..., n, let Q denote the canonical image of the complex coordinate G ^(D^) under the 
embedding of the ith factor ff(Dr) into Given d>2 and a = (ai,..., af) G ITn, 

let s(q;) denote the cardinality of the set 

{f G {l,...,d- 1} : cii 7^ Ui+i}. 

If |q;| G {0,1}, we let s(a) = |q;| — 1. The next result is [110, Proposition 3.3]. 
Proposition 6.2. IFe have 

= |a = X] CaCa : ||a||p,r = ^ \ca\p''°'''FA)+^ < cx) Vp G (0,r), Vr > l|. (6.2) 

aeWn aew„ 

The topology on is given by the norms || ■ \\p^r (0 < p < r, r > 1), and the 

multiplication is given by concatenation. 

The following universal property of .^(D”) was proved in [110, Proposition 3.2]. Given 
an algebra A and an element a E A, the spectrum of a in A will be denoted by (JA(a). 

Proposition 6.3. Let A be an Arens-Michael algebra, and let a = (ai,...,a„) be an 
n-tuple in A^ such that CAicii) C D,, for all i = Then there exists a unigue 

continuous homomorphism 7^: .^(D”) —)■ A such that 7a(Ci) = ca for all i = l,...,n. 
Moreover, the assignment a ja determines a natural isomorphism 

HomAM(^(0,^) = {aEA^-. aA^af) C Vf = 1,..., n} (A G AM). 

Another algebra closely related to .^(D))) was introduced by J. L. Taylor [160,161]. 
We will dehne it in a slightly more general context. For a Banach space E, the analytic 
tensor algebraT{E) ( [34]; cf. also [106,171,172]) is given by 

OD 

f{E) = |a = : Od G ||a||p = ^ \\ad\\p'^ < cx Vp > o|, 

d=0 d 
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where = E ^ - ^ E is the lith completed projective tensor power of E. The topology 

on T{E) is given by the norms || ■ ||p {p > 0), and the multiplication on T{E) is given by 
concatenation, like on the usual tensor algebra T{E). Each norm || ■ ||p is easily seen to be 
submultiplicative, and so T{E) is an Arens-Michael algebra containing T{E) as a dense 
subalgebra. As was observed by J. Cuntz [34], T{E) has the universal property that, for 
every Arens-Michael algebra A, each continuous linear map E ^ A uniquely extends to 
a continuous homomorphism T{E) —)■ A. In other words, there is a natural isomorphism 

EomjxM{f{E),A)= Af{E,A) (A G AM), 

where Af{E,A) is the space of all continuous linear maps from E to A. Note that T(E) 
was originally dehned in the more general setting where E is a complete locally convex 
space [34], but this generality is not needed here. 

Fix now r > 0, and let 

CXD 

fr{E) = |a = : Od e E®"*, ||a||p = ^ ||ad||p'^ < cx) Vp G (0,r)|. 

d=0 d 

It follows from the above discussion that Tr{E) is an Arens-Michael algebra containing 
T{E) as a dense subalgebra. Note that T^{E) essentially depends on the hxed norm on 
E (in contrast to T{E), which depends only on the topology of E). 

Definition 6.4. Let C” be the vector space C" endowed with the £^-norm ||a;|| = 1^*1 

(where x = (xi,... ,a;„) G C*^). The algebra Tr(C”) will be denoted by and will 

be called Taylor’s algebra of holomorphic functions on the free n-dimensional poly disk of 
radius r. 

Using the canonical isometric isomorphisms = Cj"”, we see that 

^T(pn) = |a = ^ CaCa ■ ||a||p = < oo Vp G (0,r)|. (6.3) 

aeWn aeWn 

The algebra .^"'"(D”) was introduced by J. L. Taylor [160,161] and was denoted by S(r) 
in [160] and by ^n(r) in [161]. Our notation hints that both ^(D”) and ^"'"(D”) are 
natural candidates for the algebra of holomorphic functions on the free polydisk; the 
superscript “T” is for “Taylor”. 

Comparing (6.3) with (2.4), we see that = ^n- If is also immediate from (6.2) 

and (6.3) that ^(D”) C ^"'"(D”), and that the embedding ^(D”) —)■ is contin¬ 
uous. However, it is easy to observe that ^ unless r = cxd or n = 1; for 

instance, the element XIa:^~^^(C iC 2 )^ belongs to ^"'"(D”), but does not belong to ^(D”). 
Moreover, ^(D”) is nuclear as a locally convex space [110], while is not [84,160], 

so they are not isomorphic even as locally convex spaces. 

Our next goal is to show that ^"’"(D”) has a remarkable universal property similar in 
spirit to Proposition 6.3. 

Definition 6.5. Let A be an Arens-Michael algebra, and let r > 0. We say that an 
n-tuple a G A” is strictly spectrally r-contractive if, for each Banach algebra B and each 
continuous homomorphism (p: A —)■ H, we have roo{p>{a)) < r. 
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Remark 6.6. Observe that, if A and B are Arens-Michael algebras, 'ip: A ^ B is a. 
continuous homomorphism, and a & A^ is strictly spectrally r-contractive, then so is 

V’(a) e B'^. 

An equivalent but more handy dehnition is as follows. 

Proposition 6.7. Let A he an Arens-Michael algebra, and let {\\-\\\ ■. \ & A} he a directed 
defining family of submultiplicative seminorms on A. For each A G A, let A\ denote the 
completion of A with respect to || ■ ||a. Given a G A”, let a\ denote the canonical image 
of a in A^. Then the following conditions are eguivalent: 

(i) a is strictly spectrally r-contractive; 

(ii) roo{a\) < r for all X G A; 

(hi) limd^oo(sup„g^y^_^ < r for all A G A. 

Proof, (i) (ii) (iii). This is clear. 

(ii) (i). Let 5 be a Banach algebra, and let (p: A —)■ i? be a continuous homomor¬ 
phism. There exist A G A and O > 0 such that for all a G A we have ||<p(a)|| < 0||a||A. 
Hence there exists a unique continuous homomorphism ip: A\ ^ B such that ip = ipT\, 
where ta : A —)■ Aa is the canonical map. We have 

roo{p{a)) = roo{ii{ax)) < r^oiax) < r, 

and so a is strictly spectrally r-contractive. □ 

Corollary 6.8. If A is a Banach algebra, then a G A^ is strictly spectrally r-contractive 
if and only if r^oia) < r. 

Example 6.9. Let C = (Cu • • • > Cn) £ .^"'"(D”)”. For each p G (0, r), each d G Z+, and each 
a G Wn^d, we have UCaliy*^ = P- Hence C, G is strictly spectrally r-contractive, 

but is not strictly spectrally r'-contractive whenever r' < r. The same assertion holds for 
the n-tuple = {zi,..., Zn) G of coordinate functions on D”. Note that such a 

phenomenon can never happen in a Banach algebra (see Corollary 6.8). 

Example 6.10. Let C = (Cu • • • > Cn) G where n > 2. For each p G (0,r), each 

r > 1, each d G Z,+ , and each a G Wn,d, we have ||Co||p/r = pY^A+T/d_ particular, 

for a = (1, 2,..., 1, 2) G Wnpd we have ||Co|Ip!t'^ = P^- Hence ( G is not strictly 

spectrally /^-contractive for any R > 0. 

Proposition 6.11. Let A be an Arens-Michael algebra, and let a = (ai,...,a„) he a 
strictly spectrally r-contractive n-tuple in A”. Then there exists a unigue continuous 
homomorphism 7^: ^"'"(©(1) —)■ A such that jaiO) = A for all i = 1,... ,n. Moreover, 
the assignment a ja determines a natural isomorphism 

HomAM(^'^(l®r), A) = {a G A'^ : a is str. spec, r-contractive} (A G AM). (6.4) 

Proof. Let || ■ || be a continuous submultiplicative seminorm on A. Using Proposition 6.7, 
we can choose p > 0 such that 

lim ( sup \\aa 

d^oo 

Hence there exists do G Z+ such that 

sup ||aQ,|| < {d > do). 


■sl/d 

j < p < r. 


(6.5) 
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Choose now C >1 such that ||aQ,|| < whenever |q;| < do- Together with (6.5), this 
yields ||aa|| < for all a E Wn- Hence for each / = we obtain 

|c„|||a,||<C \c^\pH = C\\f\\p. 

a&Wn aeWn 

Therefore the series Cq-Oo absolutely converges in H, and the mapping 

'Ja- —)■ A, CaCa CaO-a 

a&Wn aeWn 

is the required continuous homomorphism. The uniqueness of 7a is immediate from the 
density of the free algebra Fn in 

Conversely, using Example 6.9 and Remark 6.6, we see that, for each Arens-Michael 
algebra A and each continuous homomorphism ^p: —)■ A, the n-tuple (p{C) G A” 

is strictly spectrally r-contractive. Thus (6.4) is indeed a bijection, as required. □ 

Remark 6.12. Proposition 6.11 can easily be extended to the algebra Tr{E) for any Banach 
space E. Now the set of strictly spectrally r-contractive n-tuples on the right-hand side 
of (6.4) should be replaced by the set of all tjj E A^{E, A) such that the image of the unit 
ball of E under is a strictly spectrally r-contractive set in A. Related results can be 
found in [43]. 

Theorem 6.13. Let g G C^, n G N, and r E (0, -|-cxd]. 

(i) There exists a surjective continuous homomorphism 

7 r:^(D”)^^,(©]l), (7 = l,...,n). (6.6) 

(ii) KerTT coincides with the closed two-sided ideal of generated by the elements 

CiCj - QCjCi (b J = 1, • • •,«, i< ])■ 

(hi) KerTT is a complemented subspace o/^(D”). 

(iv) Under the identification ^^(D”) = ^(D”)/KerTT, the norm || ■ on ^^(D”) is 
equal to the quotient of the norm || ■ on ^(D”) (p G (0,r), r > 1). 

Parts (i)-(iii) of the above theorem were proved in [110, Theorem 7.13] in the more 
general multiparameter case. The proof of the “quantitative” part (iv) will be given 
below, together with the proof of Theorem 6.14. 

Theorem 6.14. Let g G , n G N, and r E (0, -|-cxd] . 

(i) There exists a surjective continuous homomorphism 

(T = l,...,n). (6.7) 

(ii) KerTr"'" coincides with the closed two-sided ideal o/^"'"(D]l) generated by the elements 

CiCj - QCjCi (b J = 1, • • •,«, * < j)■ 

(hi) KerTr"'" is a complemented subspace o/^"'"(D”). 

(iv) Under the identification , the norm || ■ ||d,p on is 

equal to the quotient of the norm || ■ ||p on ^"'"(D”) (p G (0,r)). 

To prove Theorem 6.14, we need some notation from [106]. For each d E Z_|_, let the 
symmetric group Sd act on Wn,d via a{a) = aa~^ (a G Wn,d, cr E Sd). Clearly, for each 
a E Wn,d and a E Sd there exists a unique A((T, a) E such that 

Tq. a(tT, Q;)Ta-fap 
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Given k = (/ci,..., /c„) G Z” with \k\ = d, let 


S{k) 



fci 


, n,..., n) e hh, 


n,d‘ 


By [106, Proposition 5.12], we have 

Wq{k) = niin{|A((T, (5(/c))| : a G Sd}- (6.8) 

Clearly, for each a G p“^(A;) (where p is given by (4.5)) there exists (Tq, G Sd such that 
a = (Ja{S{k)). Therefore = A(aa, d(k))xa- Comparing with (4.7), we see that 

A((Jq,, 5(A;)) = t(Q;)“^. (6.9) 

Observe also that, if a G Wn,d and (Ji,(T 2 G Sd are such that ai{a) = o' 2 {q:), then 
A((Ti, a) = A((T 2 , a). In other words, A((T, a) depends only on a and a{a). Since the orbit 
of S{k) under the action of Sd is exactly p“^(/c), we conclude from ( 6 . 8 ) and (6.9) that 

Wg{k) = min{|t(a)|“^ : a G p“^(/c)}. (6.10) 


Proof of Theorem 6.14. Let a; = (xi,..., Xn) G ^q(D”)”. For each p G (0, r), each d G Z+, 
and each a G Wn,d, we clearly have ||a;Q,||D,p < Hence x is strictly spectrally r- 
contractive, and Proposition 6.11 yields the required homomorphism (6.7). The homo¬ 
morphism TT given by ( 6 . 6 ) is then the composition of tt"*" with the canonical embedding 

(* = l,...,n). 

By Theorem 6.13, tt is onto, and hence so is tt"'". This proves (i). 

Since Kervr is a complemented subspace of ^(D”), there exists a continuous linear map 
x: 1 ^ 5 ( 0 ”) —)■ ^(D”) such that ttx = 1. Letting = vx: ffqfpf) —)■ ^"’"(D”), we see 
that tt'^x'^ = 1, whence KerTr"'" is a complemented subspace of ^"’"(D”). This proves (hi). 
Using the density of Imz/ in ^"’"(D”), we obtain 


KerTr"*" = Im(l — x'^vr"'") = Im((l — x'^tt"'")//) = Im(z/(1 — xtt)) = //(Kervr). 

Now (ii) follows from Theorem 6.13 (ii). 

Since ( 6 . 6 ) and (6.7) are surjective, the Open Mapping Theorem yields topological 
isomorphisms 

= ^(D;?)/Ker 7 r ^ ^^(P^)/Ker tt^. 

To prove parts (iv) of Theorems 6.13 and 6.14, we have to show that 


II • IIb,, = II ■ 11 ; = II • t.r, (6.11) 

where || • and || ■ are the quotient norms of || ■ ||p and || • ||p,r, respectively. Let 
/ = Eaew„ CaCa ^ ^^’(D”). We have 


aeWn 



X 
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Together with (6.10), this yields 

^ E (6.12) 

fcez" \ ^ ^ aep-i(fc) ^ 

= 5 :( E 1 ^. 

fcez" Vep-i(fc) 

If now / e ^(D”) and r > 1, then 

lk(/)||0,p = ||7r^(z/(/))||D,p < ||z^(/)||p = II/IIpT < ||/||p,r. (6.13) 

From (6.12) and (6.13), we conclude that || ■ ||p,p < || ■ ||^ and || ■ ||d,p < || ■ lip,,-- On 
the other hand, both || ■ and || ■ ||^.,- are submultiplicative norms on and we 

have IItjIIp < ||Cj||p = P and < ||Ci||p,T = P- By the maximality property of 

II • ||d,p [106, Lemma 5.10], it follows that || • ||^ < || ■ ||d,p and || ■ ||(),. < || ■ ||d,p- Together 
with the above estimates, this gives (6.11) and completes the proof of (iv), both for 
Theorem 6.13 and Theorem 6.14. □ 



7r^(/)||D,p < f Y1 1^' 

fcGZ" VGp-l(fc) 


7. Quantum ball as a quotient of the free ball 

The goal of this section is to prove a quantum ball analog of Theorems 6.13 and 6.14. 
Towards this goal, it will be convenient to introduce a “hilbertian” version of the algebra 
Tr{E). In what follows, given Hilbert spaces Hi and H 2 , their Hilbert tensor product will 
be denoted by Hi^ H 2 . The Hilbert tensor product of n copies of a Hilbert space H will 
be denoted by 77®”. 

Given r > 0 and a Hilbert space 77, let 

00 

fr{H) = |a = : Orf e 77®"*, ||a||* = ^ \\ad\\p'^ < cx) Vp G (0,r)|. 

d=0 d 

Clearly, Tr{H) is a Frechet space with respect to the topology determined by the norms 
II ■ II* (P > 0)- Similarly to the case of Tr{E), it is easy to check that each norm || ■ ||* is 
submultiplicative on the tensor algebra T(77) C T^(77). Therefore there exists a unique 
continuous multiplication on Tr{H) extending that of T(77), and Tr{H) becomes an Arens- 
Michael algebra containing T{H) as a dense subalgebra. 

Definition 7.1. Let C 2 be the vector space C” endowed with the inner product {x,y) = 
Hi=i^iyi- The algebra Tri^C^) will be denoted by ^(B”) and will be called the algebra 
of holomorphic functions on the free n-dimensional ball of radius r. 

Using the canonical isometric isomorphisms = C™”, we see that 

^(B”) = i a = ^ c«Ca : ||a||* = |c„y) p^ < ex Vp G (0,r) 1. (7.1) 

^ aelU„ d=0 \a\=d ' 

Let US first observe that Dehnition 7.1 is consistent with our convention that B^ = 
= C”. 
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Proposition 7.2. We have as topologieal algebras. 

Proof. We already know that (see Section 6). To complete the 

proof, it suffices to show that the families 

{ll'llp^pX^} and {||■||;:p>0 } 

of norms (where || ■ ||p is given by (6.3)) are equivalent on Given a = '^^CaCa ^ -^n, 
we clearly have 

d |a|=d 

whence ||a||* < ||a||p. Conversely, by using the Cauchy-Bunyakowsky-Schwarz inequality, 
we obtain 

Ball < Z(Z □ 

d |a|=t/ 

Our next goal is to show that ^(Mf) coincides with the algebra Hol^^^iyWjf) of “free 
holomorphic functions on the open operatorial ball” introduced by G. Popescu [118]. To 
this end, let us recall some results from [118]. 

Let TT be a Hilbert space, let PS{H) denote the algebra of bounded linear operators on 
H, and let T = (Ti,... ,T„) be an n-tuple in Following [118], we identify T with 

the “row” operator acting from the Hilbert direct sum FT” = H (B ■ ■ ■ (B H to H. Thus we 

iiaveBrB = ||E”.,r.i;*B‘-'". 

Let 'Sn denote the algebra of all formal series / = Yla&Wn (where G C) with 
the obvious multiplication. In other words, 5n = where I is the ideal of the 

free algebra = C(Ci, • • •, Cn) generated by Ci, • • •, Cn- For each f = Y.a ^ the 
radius of convergenee R{f) G [ 0 , +cxd] is given by 



By [118, Theorem 1.1], for each T G PS{HY such that ||T|| < i?(/), the series 

CXD 

d={) |Q:|=rf 

converges in and, moreover, Yhd II X]|a|=dC qFqH < oo. On the other hand, if H is 

inhnite-dimensional, then for each R' > R{f) there exists T G with ||T|| = R' 

such that the series (7.2) diverges. The collection of all f E dn such that R{f) > r is 
denoted by Hol{^{R)y). By [118, Theorem 1.4], Hol{^{R)y) is a subalgebra of ’^n- For 
each / G Hol{P§{yH)y), each Hilbert space iF, and each T G with ||T|| < r, the 

sum of the series (7.2) is denoted by f{T). The map 

7 t : Hoimn)y) -P ^{H), f ^ /(T), 
is an algebra homomorphism. 

Fix an inhnite-dimensional Hilbert space R, and, for each p G (0, r), dehne a seminorm 
II ■ lip on Hol{P§(yH)y) by 

||/||p^ = sup{||/(T)|| :TGi^(F^)^ ||T||<p}. 
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By [118, Theorem 5.6], is a Frechet space with respect to the topology 

determined by the family {|| ■ ||^ : p G ( 0 ,r)} of seminorms. 

The following result is implicitly contained in [118]. For the reader’s convenience, we 
give a proof here. 


Proposition 7.3. For each r e (0, + cxd ], = ^(B”) as topological algebras. 

Proof. By Lemma 2.1, 

^(®r) = (/= ^ P'^< ooVpe (0,r)|. 

On the other hand, by [118, Corollary 1.2], for each / = Ca(a ^ 5n we have 

1/2 


R(f) = sup< p > 0 : the sequence {(Ei-t) 

^^\a\=d 


P 


is bounded 


dez+ 


Thus F[ol{ti^{l-i)'f) = .^(B”) as algebras. To complete the proof, it suffices to show that 
for each p G ( 0 , r) we have 

II • IIU’ £ II ■ lip £ II ■ li: (rs) 

on p^(B”). 

Fix p G (0,r) and T G such that ||T|| < p. For each / = ^ we 

have 


d=0 |Q:|=rf 

1/2 


11/(011= <E(E l‘'”t)’'’' E^T, 


S E(E i'«i1‘lErT-f < e(E 


d=0 |Q:|=d 2=1 d=0 |Q:|=d 


J 

d=0 |Q:|=rf |q;|=c/ 

OD 


1/2 


Thus 11/11/ < 11/11/ Let now Si,..., Sn be the left creation operators on the full Fock 
space 

if = 0 (Q)®'’* (7.4) 

d£l,+ 

(where 0 stands for the Hilbert direct sum). Recall that SiX = ei®x for each x G (C^)®'^ 
and each d G Z+, where ei,...,en is the standard basis of C”. Let cq G iL be the 
“vacuum vector”, i.e., any element of the 0th direct summand C in (7.4) with ||eo|| = 1. 
Then {S'^Cq : a G IFn} is an orthonormal basis of H. Let now Tj = pSi {i = 1,... ,n), 
and let T = (Ti,... ,T„). We have ||T|| = p|| X]r=i = p, and 

ll/(^)ll = ||X]c„pl“IS'« > ||X]cc,pl“l5'«eo = (5]] |ca|V'“'^ 


d |q;|=c/ 

This yields (7.3) and completes the proof. 


E(Ei'«i>“)‘''£T(Ei'«t) 


= II fl|(°°) 


P = 


|Q|=d 


Remark 7.4. It is immediate from (7.3) that each seminorm 
actually a norm. 


□ 

on Hol{3S{FL)f) is 
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Remark 7.5. Note that the proof of Proposition 7.3 does not rely on the completeness 
of Since ^(B”) is obviously complete, we see that Proposition 7.3 readily 

implies [118, Theorem 5.6]. 

For future use, it will be convenient to modify the norms || ■ ||* on ^(B”) as follows. 
Observe that we have a Z_|_-grading = ®dei,+ (^n)d, where 

(FJ, = span{C„ : |a| = d} = (C^)®". 

The norm || ■ ||* on F„ is then given by ||/||* = \\fd\\p'^, where fd e {Fn)d is the dth 

homogeneous component of / and || ■ || is the hilbertian norm on {Fn)d- Consider now a 
hner Z”-grading F„ = where 

{Fn)k = span{Ca : a E p”^(/i:)}. 

Observe that for each d G Z+ we have {Fn)d = 0^6(2"P > 0) dehne a 
new norm 11-11° on by 

ii/ii;= E IIAIlP' 

where fk E {Fn)k is the kih homogeneous component of / and || ■ || is the hilbertian norm 
on {Fn)k inherited from {Fn)\k\- Explicitly, for / = Xla'^«Co ^ Fn we have 



Lemma 7.6. For each p > 0, the norm || • ||p is submultiplicative, and the families 

{||■||;:pe(0,r)} and {|| ■ ||y p € (0, r)} (7.5) 

of norms are equivalent on Fn- 

Proof. Let r,s E Z”, a E {Fn)r C (C 2 )®'’’', and b E {Fn)s C (C 2 )®'®'. We clearly have 
||a5|| = ||a0 6|| = ||a||||fe||. Hence for each f,g E Fn and each p > 0 we obtain 

ll/9ll^= E Il(/9)ill9'‘' = E E 

r-\-s=k 

<E E iiMiii9.iip'‘'= E iiMiii9.iip'V = ii/ii°ii9ii;. 

r+s=k r,s£Z'^ 

Thus II ■ 11° is submultiplicative. 

Let now / E Fn, and let p G (0,r). By using the decomposition {Fn)d = ®k&{'E^)a^Fn)k, 
we obtain 

ii/ii;= E E Ea 

dez+ d&z+ fce(Z")d 

<E E iiaiip"=Eiia 

d&z+ ke{Z'i)a 
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Conversely, the orthogonality of the fkS and the Cauchy-Bunyakowsky-Schwarz inequality 
yield the estimate 


E E iiAii^'" s E E A 




1/2, 






(7.7) 


By (4.10), for each pi G (p,r) we have lim^^oo |(Zi”)rf| (p/pi) =0- As a consequence, 

C = sup |(Z”)rfp^^(p/pi)'^ < cx). 
dez+ 

Together with (7.7), this implies that 


ii/iip<cE 






rfez+"A:e(Z")rf " dez+ 

Now (7.6) and (7.8) imply that the families (7.5) of norms are equivalent. 

Proposition 7.7. We have 


(7.8) 

□ 



Moreover, each norm || • ||° on p^(B”) is submultiplicative. 

Proof. Immediate from Lemma 7.6. □ 


Let us introduce some notation. Given a = (oi,..., o^) G Wn, let 
iii ( q ^) = [{( lj ) ■ ^ ^ i < j ^ d, at > aj}\. 

Lemma 7.8. For each a G Wn, we have t(Q;) = In other words, Xa = q~W(^)xPP 

in ^g^"g(C”). 

Proof. We use induction on m(Q;). If m(Q;) = 0, then a = (5(p(q;)), whence Xa = tpA) and 
t(Q;) = 1. Suppose now that m(Q;) = r > 0, and assume that t(/9) = q~WP) for all /9 G ITn 
such that m(/9) < r. Let s = min{i > 2 : Oj < Oj-i}, and let /9 = (ss — l)(a;). It is 
elementary to check that m(/9) = r —1. By the induction hypothesis, we have xp = q^~''x^, 
where k = p(/3) = p(q;). Therefore x^ = q~^Xi 3 = q~^x^, i.e., t(Q;) = q~'’, as required. □ 


Lemma 7.9. For each k G Z”, we have 


\x 




1^1 


—2m(o) 


Q;ep“l(A:) 


- 1/2 


Proof. Given s G Z+, let 

inv(A;, s) = |{q; G p~^(/c) : m(Q;) = s} 
By [5, Theorem 3.6], we have 


[kW- 


Y,^nY{k,s)q^= 

• 5>0 
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Together with Corollary 3.14, this implies that 

1/2 


\X 


[k]\q\-2\ 


A — 


0^1] |g|-2' 

We are now ready to prove the main result of this section 


oep“i(fc) 


- 1/2 


□ 


Theorem 7.10. Let g G n G N, and r G (0, +cxd]. 

(i) There exists a surjective continuous homomorphism 

(ii) KerTT coincides with the closed two-sided ideal of generated by the elements 

CiCj - QCjCi (h J = 1, • • •,«, i < j) ■ 

(iii) KerTT is a complemented subspace 

(iv) Under the identification KerTT, the norm || • ||b,p on ffqijif) is 

equal to the quotient of the norm || ■ ||° on ^{Wf) (p G (0,r)). 


Proof. Let / = CaCa £ ^(B”). We claim that the family 

I ^ CaXa : k G ZM 

is absolutely summable in ^q(B”). Indeed, using Lemma 7.8, the Cauchy-Bunyakowsky- 
Schwarz inequality, and Lemma 7.9, for each p G (0,r) we obtain 


E 

^ ^ Cq-Xq- 

= E 



a£p-^{k) 

kez” 

aep~2(A:) 


\x 




< 


E E 


fceZ" ^aep-l(A:) 


1/2 


|g-2m(a) 

oep“'^(fc) 


1/2 


\X ||b,iP 


lfcl 


= E E 

fcez" Vep-i(A:) 

Hence there exists a continuous linear map 


1/2 

|2 \ p\k\ ^ 


(7.9) 


it: .^(BT) ^ < 7 ,(B;), E‘'A«^E( E 

a&W„ feeZ)/ '^Q;ep“l(fc) 

Clearly, tt is an algebra homomorphism. Moreover, (7.9) implies that 

\w)h.,<m; (fenK))- 


(7.10) 


Let us now construct a continuous linear map x: 
To this end, observe that for each k G TP we have 




x^ = n 


E 

QSp l(fc) 




m 

Caq Sa 


—)■ ^(B”) such that ttx = 1. 


(7.11) 


E = 1- (1-12) 

aep“l (fc) 


as soon as 
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We have 


^ =( E p'*'. (7.13) 

aSp“l(A:) P '^aSp“l(A:) ^ 

Our strategy is to minimize (7.13) under the condition (7.12). First observe that replacing 
Ca by RcCq, preserves (7.12) and does not increase (7.13). Thus we may assume that Cq, G 
M. An elementary computation involving Lagrange multipliers shows that the minimum 
of (7.13) under the condition (7.12) is attained at 


c” = kr"”‘”'( 5] kr""™) 

Vep-hO ^ 


and is equal to 


/ 3 ep-i(fc) 


= 11x^1 


(see Lemma 7.9). Let now 


«ep“i(fc) 


By (7.11) and (7.14), we have 


Let us now dehne 


7r(afc)=a;^, \\ak\\°p = \\x^\\m,p- 


1^: E ^ E “‘“I- 


(7.14) 


(7.15) 


By (7.15), we have 


\Ck\\\ak\\p = 




whence x is indeed a continuous linear map from i^q(]B(l) to Moreover, 

||x(/)||°<||/||b,p (/e W))- ( 7 . 16 ) 

By (7.15), we also have ttx = 1. This proves (i) and (iii). 

Let now / C ^(B") denote the closed two-sided ideal generated by QQ — qCjCi (* < j)- 
Clearly, I C KerTT, and hence tt induces a continuous homomorphism 

^ Ci^Xi (z = l,...,n). 


where we let / = f + I G for each / G ^(B”). Let x: ^^(B”) —)■ ^(B)l)// 

denote the composition of x with the quotient map ^(B”) —)■ ^(B)l)//. It is immediate 
from TTx = 1 that nx = 1. On the other hand, we obviously have x{xi) = Q for each 
i, and it follows from the dehnition of I that x is an algebra homomorphism. Since the 
elements Cu • • • i Cn generate a dense subalgebra of ^(B”)//, we conclude that Imx is 
dense in ^(B”)//. Together with ttx = 1, this implies that tt and x are topological 
isomorphisms. Therefore I = KerTT, which proves (ii). 

To prove (iv), let us identify ^(B”)// with <^q(B”) via tt, and let || ■ ||^ denote the 
quotient norm of || ■ ||° (p G (0,r)). By (7.10), we have || • ||b,p < || ■ ||p, while (7.16) 
together with ttx = 1 yields the opposite estimate. This completes the proof. □ 
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8. Deformations 

In this section, we explain in which sense the algebras and are defor¬ 
mations of i^(D”) and respectively. For basic facts on locally convex bnndles and 

for related notation we refer to Appendix A. 


8.1. Construction of and l^def(®r )• If A' is a commutative Frechet algebra, 

then by a Frechet K-algebra we mean a complete metrizable locally convex iF-algebra A 
such that the action K x A ^ A, {k,a) ^ ka, is continuous. Given a reduced Stein space 
X and a Frechet algebra A, we let ff{X, A) denote the Frechet algebra of all holomorphic 
A-valued functions on X. Clearly, ff{X, A) is a Frechet ^(X)-algebra in a canonical way. 
By [58, Chap. II, §3, no. 3] (see also [59, Chap. II, Theorem 4.14]), we have a topological 
isomorphism 

ff{X) (g) A —)■ ^{X, A), / (g) a t—)■ (x I—)■ f{x)a). 

From now on, we identify ff{X) and A with subalgebras of i^(X, A) via the embeddings 
/ e-)- / 0 1 and a H-)■ 1 0 a, respectively. 

Let 2; G i^(C^) denote the complex coordinate. Fix r G (0, -|-cxd], and let Jp, and Jb 
denote the closed two-sided ideals of ^(C^, and ^(C^, ^(B”)), 

respectively, generated by the elements QQ — zQQ {i < j). Consider the Frechet 
algebras 


= (s.i) 

We will use the following simplihed notation for the respective Frechet algebra bundles: 

E(D;) = E(<?a.,(D”)), E’'(D”) = E«„(D;)), E(B;) = E(<?a.,(Ba). 

Our goal is to show that the hbers of ^def(Dr) and over g G are isomorphic 

to i^g(D]!), while the hber of ^def(B”) over g G is isomorphic to 

Lemma 8.1. Let ^ be a Frechet algebra, and let I, J C ^ be closed two-sided ideals. 
Denote by qj: ^ —)■ 21/J and qj'. —)■ 21/J the quotient maps, and let Iq = qj{I), 
Jq = qi{J). Then there exist topological algebra isomorphisms 

21/(7T7) = (2l//)/Jo = (2l/J)//o (8.2) 

induced by the identity map on 21. 

Proof. Elementary. □ 

Lemma 8.2. Let F be a Frechet algebra, X be a reduced Stein space, I C ff{X,F) be 

a closed two-sided ideal, and A = ff{X,F)/F For each x E X, let : ^{X,F) —)■ F 

denote the evaluation map at x, and let = £^(-f). Then there exists a Frechet algebra 
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isomorphism = F/I^ making the diagram 

(8.3) 



A. -- ^F/I, 


commute (here quot are the respective guotient maps). 

Proof. Given a; G X, let rria; = {/ G ^{X) : f{x) = 0}. We claim that ef) is onto, and that 
Keref’ = vc\.x^{X, F). Indeed, by applying the functor {—)®F to the exact sequence 

0 ^ ^ ff{X) ^ C ^ 0 

and by using the canonical isomorphism 0'{X) ®F= ff{X, F), we obtain 

^(X,F) (8.4) 

Since (—) G)F is cokernel preserving [107, Prop. 3.3], it follows that ef) is onto and that 
Im(G G) If) is dense^ in Y^eief). This implies that Kere^ C xnxff{X,F). The reverse 
inclusion is obvious. Thus Kere^ = F), as claimed. 

Let now 21 = iff{X,F) and J = vaJA. It follows from the above discussion and from 
the Open Mapping Theorem that we can identify F with 21/J. Under this identification, 
becomes the quotient map qj: 21 —)■ 21/J. Observe also that rrixA = qi{J), where 
g/: 21 —)■ 21// = A is the quotient map. Now Lemma 8.1 implies that 

F/Ix = (21/J)/^ ^ (21//)/^ = Alf((ffA = A,. 

The commutativity of (8.3) is clear from the construction. □ 

Theorem 8.3. For each g G C^, we have topological algebra isomorphisms 

^def(D/), = E(D/), ^ ^.(D)!), (8.5) 

(©]!), = ( 8 . 6 ) 

^def(®/), = E(B/), ^ ^,(B/). (8.7) 

Proof. Applying Lemma 8.2 with F = ^(D/) and I = In, we see that for each g G 
there exists a topological algebra isomorphism ^def(D/)g = F/Iq, where Ig = e^{I). 
Observe that Ig is precisely the closed two-sided ideal of F generated by the elements 
CiCj ~QCjCi < j)- Now (8.5) follows from Theorem 6.13. Similarly, letting F = 
and I = Jp, and using Theorem 6.14 instead of Theorem 6.13, we obtain (8.6). Finally, 
letting F = ^(B/) and I = Jb, and using Theorem 7.10 instead of Theorem 6.13, we 
obtain (8.7). □ 

Our next goal is to show that the Frechet ^(C^)-algebras ^def(D/) and not 

only have isomorphic fibers (see (8.5) and (8.6)), but are in fact isomorphic. Towards this 
goal, we need some notation and several lemmas. For brevity, we denote the elements 
Q + /d and z + Iji, oi ^def(D/) by Xi and 2 :, respectively. The same convention applies 

^In fact, the nuclearity of ff{X) implies that (8.4) is exact [159, Prop. 4.2], but this stronger property 
is not needed for our purposes. 
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to ^Jgf(D”) and i^def(®r)- By looking at (6.2), (6.3), and (7.1), we see that ^(D”) C 
^"•"(Dp) c e^(B”); moreover, both inclusions are continuous. These inclusions induce 
Frechet ^(C^)-algebra homomorphisms 



taking each Xi to Xi and to 2 :. 

Let «(c-) denote the algebra generated by n + 2 elements xi,..., Xm z,z ^ subject 
to the relations 

XiXj = ZXjXi (1 < * < J < r), 

XiZ = zxi (1 < i < "r); 

2:2;“^ = = 1 . 

Observe that «(c-) is exactly the algebra R given by (1.1). Clearly, there are algebra 
homomorphisms from ^jgKC"') to each of the algebras (^def(ror), ^Jef(®r)) ^def(®r), 

taking each Xi to Xi and to ; 2 . Together with (8.8), these homomorphisms £t into the 
commutative diagram 



Lemma 8.4. (i) The set {x^^z^ : k G Z”, p e Z} is a veetor spaee basis of i^)jgf(C"'). 

(ii) The homomorphisms in, ip, and in are injective and have dense images. 

Proof. Obviously, ^jgf(C”) is spanned by {x^z^ : k G Z”, p G Z}. Let a = Yl,kp^kpX^z'^ G 
«(c-), and suppose that %(«) = 0. Then for each g G we have iM{a)q = 0. 
Identifying ^def(B”)g with (see (8.7)), we see that ^kiJ2pCkpq^)x^ = 0 in ffqiWf). 

Hence CkpQ^ = 0 for each k. Since this holds for every g G , we conclude that Ckp = 0 
for all k and p. This implies that the set {x'^z^ : k G Z” , p G Z} is linearly independent 
in ^ref(C-), and that Keris = 0. By looking at (8.9), we see that Kerip = Kerip = 0. 
The rest is clear. □ 

Lemma 8.5. For each /c G Z” and each integer m G [0, ^i^j] there exists a G Wn 

such that p(q;) = k, s(q;) < n + 2, and x^ = XaZ"^ in ^jgf(C”). 

Proof. Given d G Z+, let Zd = : a G Wn,d} C Clearly, a hG Co is a 1-1 

correspondence between Wn^d and Zd. Hence we have an action of Sd on Zd given by 
^(Co) Ca'(a) (u G H7i,d; VT G Sdf 

We now present an explicit procedure of constructing a out of k. Let d = \k\, jd = 5{k), 
and Wq = (^ = C/ 3 - Let also T={(i i-|-l):l<i<d — IjcS'd. By interchanging the 
first letter fdi of Wq with the subsequent letters, we obtain d — 1 elements of T such that 
the action of their composition on wq yields 

C/32 • • • C/3dC/3i• (8.10) 

Next, by interchanging the first letter (32 of (8.10) with the subsequent letters (except for 
the last one), we obtain d — 2 elements of T such that the action of their composition on 
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(8.10) yields 


C/33 ■ ■ ■ Cfid C/32 C/3i • 

Continuing this procedure, after finitely many steps we obtain ai,..., G T such that 


■ ■ ■ ai)(M;o) = C/3, • • • C/3i = C^ • • • Cf'- 


Let Wi = (cTj ■ ■ ■ (Ji)(tco) (* = and let tt: Fn —)■ Cf(C”) denote the homo¬ 

morphism taking each Q to a;*. It follows from the above construction that for each 
i = 0,..., r — 1 we have either 7i{wi) = n{wi+i)z or n{wi) = 7r(tCj+i). We also have 

7r(tco) = . 


Hence there exists t G {0,..., r} such that ti{wo) = n{wt)z"^. In other words, if a G Wn,d 
is such that Wt = (a, then we have x^ = XaZ"^, as required. Since p“^(/c) is invariant 
under the action of Sd, we have p(q;) = k. 

To complete the proof, we have to show that s(q;) < n + 2. It follows from the con¬ 
struction that Wt is of the form 


^kr—i/-^r+l ^ ^ ^ ^ks—p^^s + X ^ ^ ^ Fkn ^ ^ ^ ^k\ 

S>r S>r+1 1 S>s+1 Sn S>r—1 

(l<r<n — 1, I < ^ FiK, r + I < s < n, ^ < p < kg) 


( 8 . 11 ) 


(here r is the number of the letter that is currently moving from left to right, £ — 1 is 
the number of instances of Cr that are already moved to their hnal destination, s shows 
the position where the moving letter is located, and p shows how many copies of Cs are 
already interchanged with the moving letter). An elementary computation shows that for 
each word Ca of the form (8.11) we have s(q;) < n + 2. □ 


Lemma 8.6. For each n G and each a G Wn, we have m(Q;) < Pj(tt)pj(Q:). 

Proof. We use induction on n. For n = 0, there is nothing to prove. Suppose now 
that n > 1, and that the assertion holds for all words in Wn-i- Given r G Z+, let 
fir = {n,... ,n) ^ Wn^r (r copies of n). If a = n\a\, then there is nothing to prove. Assume 
that a 7 ^ h|Q,|, and represent a as 

a = nri/dinr2/32 ■ ■ ■ ffrul^kUr^+t, 

where ri,..., ru+i > 0, /S* G HA-i, lAI >0 for alH = 1,..., A;. Let /9 = /9i. .. G HA-i. 
We have 


m(Q;) — m(/3) + ri(|/3i| |/?fc|) -|- r2(|/32| + ■ • • + |/5fc|) + • • • + rk\ldk\- (8.12) 

On the other hand, Pi(Q;) = Pi(/9) for alH < n — 1, and Pn(tt) = ri H— • -|- r'k+i- Together 
with (8.12) and the induction hypothesis, this yields 

m(a) < m(/3) -f (n H-h rfc)|/3| < ^ Pi(/5)Pi(/5) + Pn(a)|/3| 

i<j<n 

n—1 

= ^ Pi(a)pj(a)+p„(a)^Pi(a) = ^Pi(a)pj(a). 
i<j<n i=l i<j 

Given / G ^(C^) and t > 1, let 

ll/ll. = 


□ 
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where Cn{f) is the nth Laurent coefficient of / at 0. We will use the simple fact that the 
family {|| ■ ||t : t > 1} of norms determines the standard (i.e., compact-open) topology on 

Lemma 8.7. Given p G (0,r) and r, t > 1, let || • \\p,T,t denote the quotient seminorm on 
^def(I®r ) associated to the projective tensor norm || • ||t® 7 r || • ||p,r on We 

have 

lim sup < p. (8.13) 

d-^oo VaeW'„,d ^ 

Proof. Let a E Wn^. Repeating the argument of Lemma 7.8, we see that Xa = 
in (and hence in ^def(Ih))!)). By Lemma 8.6, the n-tuple k = p(q;) and the integer 

m = m(Q;) satisfy the conditions of Lemma 8.5. Hence there exists ft E Wn^ such that 
a;P(") = and s(/9) < n + 2. Thus we have Xa = Xjs = 1 ^ (p + Id, whence 

\\xX,r,t < ||Cp|lp,r = pV(^) + ' < pV+l (8.14) 

Raising (8.14) to the power 1/d, taking the supremum over a E Wn,d, and letting d ^ oo, 
we obtain (8.13), as required. □ 

Theorem 8 .8. For each n E N and each r E (0,-|-cxd], ipo : ^def(D”) ^ a 

topological isomorphism. 

Proof. Let ipi: ^(C^) -)■ denote the homomorphism given by <pi(/) = /<8)1 -I-/d- 

By Lemma 8.7, the n-tuple (xi,... ,Xn) E is strictly spectrally r-contractive. 

Applying Proposition 6.11, we obtain a continuous homomorphism 

<P 2 : ^"'"(10”) —t ^def(D”), Xi (i = 1 ,..., n). 

Since the images of pi and <p 2 commute, the map 

(p: ^(C")0^T(ro,")^^def(O, <p(/0a) = (pi(/)<p2(a), 

is an algebra homomorphism. By construction, <p(CiCi ~ ^CjQ) = 0 foP ^li * < J- Hence <p 
vanishes on and induces a homomorphism 

fj: -E ^def(D”). 

Clearly, tjj takes each Xi to Xi and to 2 :. Since the canonical images of are dense 

in (^def(D”) and in we conclude that fjimi and i-mf^ are the identity maps on 

^def(I®r) and respectively. This completes the proof. □ 

Corollary 8.9. The Frechet algebra bundles E(ro”) and E^(D”) are isomorphic. 

From now on, we identify with i^def(D”) and E'^(D”) with E(D”) via ^dd- 

8.2. The nonprojectivity of ^def(l®r)- In this subsection, we show that ^def(Dr) is 
not topologically projective (and, as a consequence, is not topologically free) over ^(C^). 
Towards this goal, we hrst give a power series representation of i^def(Dr), which may be 
of independent interest. 

Dehne oj : Z” x Z —)■ M by 

p if p > 0; 

0 if p < 0 and p+Yl, ^ 0? 

i<j 

P + Yl if P + Z] < 0- 

i<j i<j 
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Observe that 


\uj{k,p) \ = min<{ |A| : A G + XI ^ikj 

L i<j 


(8.15) 


Lemma 8.10. For all k,i E IF, p,q E Z we have 


\uJ{k + ^,p + q- X Mj)| < \u:{k,p) \ + \uJ{^,q)\. 

i>j 


Proof. By (8.15), we have 

\u){k,p)\ + \u){i,q)\ = min<{ |A| + |/i| : A G \p,p + X ^ikj 

i<j 


, /i G 
, /i G 


g, ? + X 

i<j 

g, g + X 

i<j 


> min| I A + /i| : A G p + X 
^ mill||A| : A e p +q,p+q+ + ^ 


(8.16) 


*<J 


On the other hand, 

\uj{k + i,p + q - X^i^i)l 


i>j 


= minj|A| ; A G p + g - X kiij,p + g - X + ^0(^4 + ^j) | 

^ i>j i>j i<j 

= niin||A|;AG p + g - X ^j,p + g + X + X + X |. (8.17) 

To complete the proof, it remains to observe that the interval over which the minimum 
is taken in (8.16) is contained in the respective interval in (8.17). □ 


Given n eN and r G (0, +cxd], let 

Dn,r = la = ^ Ckpx'^zP : \\a\\p^r = Yl, <ooWpE (0,r), Vr > 1 

^ fcSZ",pSZ k,p 

Clearly, Dn,r is a Frechet space with respect to the topology determined by the family 
{II ■ llp.T • P ^ (Oj''")) T > 1} of norms. By Lemma 8.4 (i), we may identify <A2(C”) with 
a dense vector subspace of Dn,r- 


Proposition 8.11. The multiplication on uniquely extends to a continuous mul¬ 

tiplication on Dn^r- Moreover, each norm || ■ (p G (0,r), r > 1) is suhmultiplicative 
on Dn r ■ 


Proof. Since Dn^r is the completion of it suffices to show that every norm || ■ ||p,r 

(p G (0,r), r > 1) is submultiplicative on ^ref(C-). Let a = x^z^ and b = x^z^ G 
^def (^”)- Lemma 8.10, we have 

< p\k\p\\\Fk,P)\^\FP<i)\ = ||a||p,,||6||p,,. 


Since the norm of every element of is the sum of the norms of the respective 

monomials, we conclude that the inequality ||a6||p.r < II®IIpt||&|Ipt holds for all a,b E 

PS(C"). ... ^ 
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Theorem 8.12. There exists a topologieal algebra isomorphism i^def(Dr) ^n,r uniguely 
determined by z z, Xi ^ Xi {i = \,... ,n). 

Proof. Since Dn,r is an Arens-Michael algebra, and since G Dn,r is invertible, there exists 
a unique continuous homomorphism <pi: i^(C^) —)■ Dn,r such that (pi{w) = (where w 
is the coordinate on C). Observe also that for each i = 1, ... ,n we have a continuous 
homomorphism from ^(D,.) to uniquely determined by tc i—)■ Xj (cf. (3.1)). By the 
universal property of (see (6.1)), there exists a unique continuous homomorphism 

ip 2 '- ^(D”) —t Dn,r such that 932 ( 0 ) = Xi (i = 1,... ,n). Since the images of 931 and 932 
commute, the map 

(p\ (^(C) 0^(D(!) f 93i(/)932(a), 

is an algebra homomorphism. By construction, (p{In) = 0. Hence 0 induces a continuous 
homomorphism 

93: ^def(Dr) -Dn,r, Z^Z, Xi ^ Xi (i = l,...,n). 

We claim that 93 is a topological isomorphism. To see this, observe hrst that for each 
/c G Z” and each p G Z we have u{k,p) — p G [0, kikj]. By Lemma 8.5, there exists 
Q:{k,p) G Wn such that 

p{a{k,p)) = k, s{a{k,p)) < n + 2, x^ = Xa(k,p)z‘^''^'^^~^- (8.18) 

We now dehne 

k,p k,p 

To see that 0 is a continuous linear map from Dn^r to i^(C^) ® take t, r > 1, p G 

(0, r), and let || • \\t-p,T denote the projective tensor norm || • ||t( 87 r || • ||p,t on i^(C^) 0 
(cf. Lemma 8.7). Using the hrst two formulas in (8.18), we see that 

p^t 

k,p k,p k,p 

This implies that tjj indeed takes to ^(C^) < 8 ) .^(D”) and is continuous. Let now 
if'- Dn,r l^def(D”) be the composition of f) and the quotient map of ^(C^) 0 .^( 0 ”) 
onto ^AefPr)- By the third equality in (8.18), we have 

px'^zP) = = xPP {k G Z”, p G Z). 

Since (p{x^z^) = x^z^ as well, and since the monomials x^z^ span dense vector subspaces 
of Dn,r and ^def(Dr), we conclude that cp-ip and fjip are the identity maps. This completes 
the proof. □ 

Recall some dehnitions and facts from [59] (see also [60]). Let H be a Frechet algebra. By 
a left Frechet A-module we mean a left H-module X together with a Frechet space topol¬ 
ogy such that the action H x X —)■ X is continuous. Morphisms of Frechet H-modules are 
assumed to be continuous. A morphism a: X —)■ X of left Frechet A-modules is an admis¬ 
sible epimorphism if there exists a continuous linear map x: X —)■ X such that ax = ly. 
A left Frechet A-module P is (topologically) projective if for each admissible epimorphism 
X —)■ X of left Frechet A-modules the induced map Hom 2 i(P, X) —)■ Homyi(P, X) is onto. 
If P is a Frechet space, then the projective tensor product A 0 P is a left Frechet A-module 
in a natural way. A left Frechet A-module P is (topologically) free if P = A 0 P for some 
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Frechet space E. Since Homyi(y40 i?, —) = Homc(-F, —), it follows that each free Frechet 
A-module is projective. Given a left Frechet A-module P, let fip: A^P —)■ P denote 
the A-module morphism uniquely determined by a 0 t i—)■ ax. By [59, Chap. Ill, Theo¬ 
rem 1.27], P is projective if and only if there exists an A-module morphism u: P ^ A® P 
such that /ipz/ = Ip. 

Theorem 8.13. For each n > 2 and each r G (0,-|-cx)], the Frechet ff{C^)-module 
^def(Dr) is not projective (and hence is not free). 

Proof. We identify ^def(Dr ) with Dn^r via the isomorphism constructed in Theorem 8.12. 
Assume, towards a contradiction, that i^def(D”) is projective over Then there 

exists a Frechet i^(C^)-module morphism v. ^def(Dr) —t i^(C^) 0 ^def(Dr) such that 
/iz/ = 1 (where p, = Recall the standard fact that the projective tensor product 

of two Kothe sequence spaces is again a Kothe sequence space (cf. [81, 41.7]). Hence we 
have a topological isomorphism 

^(e)0^def(D") 

U = ^ Crkpz"' 0 : Unlit,p,r = ^ < CX) Vp e (0, r), Vf, r > 1 

fcgZ" r,k,p 

r,p&lj 

For each m G N, let 

z/(a;2-a;™) = ^ cjgp 0 x’^zF 

r,k,p 

Since pz/ = 1, we see that = 0 unless p -|- r = 0. Hence 

u{xl^x^) = ® (8.19) 

k,p 

where This implies that 

= a(E TpA-" 0 

k,p k,p 



Letting m 


(2m, m, 0,..., 0) G Z”, we conclude that 



if A; = m; 
ii k ^ m. 


( 8 . 20 ) 


Fix p G (0,r) and choose pi G (0,r), ti > 1, and G > 0 such that 

||n(n)|| 2 ,p,i < G||n||pi,^, {u G (Gdef(D]!)). 
Letting Usm = z~^x‘f^x'f), where 0 < s < 2m^, we obtain from (8.21) 

II ^(^sm) II 2,p,l ^ GII II hlPl 1 

because a;(m, —s) = 0. On the other hand, (8.19) implies that 


5^ i4yi2i‘+>'ipi‘i > 5^ 147121 


(m) | 9 |s+p| 3m 


( 8 . 21 ) 

( 8 . 22 ) 

(8.23) 
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Combining (8.22) and (8.23), we see that 

< Cpl^ {meN, 0<s< 2m^). (8.24) 

p 

Since > 1 by (8.20), we have 


either 

1 (^) 1 
C- 

\^mp \ 

> 1/2 

(8.25) 

p>—m? 




or 

\^fhp \ 

> 1/2. 

(8.26) 




If (8.25) holds, then, letting s = 2m? in (8.24), we obtain 

Cpf^> 

p>—m? 

On the other hand, if (8.26) holds, then, letting s = 0 in (8.24), we see that 

Cpl^> Y 

p<—m? 

Thus for each m G N we have 2™^“^ < C'(pi/p)^™', which is impossible. The resulting 
contradiction completes the proof. □ 

Remark 8.14. In [103, Example 3.2], the authors construct the algebra (^def(C”^) and claim 
(essentially without proof) that it is free over ^(C^). Theorem 8.13 shows that this is 
not the case. 

Remark 8.15. We conjecture that a result similar to Theorem 8.13 holds for «^def(®r) as 

well. 

8.3. The continuity of E(D”) and E(]B]1). In this subsection, our goal is to show that 
the Frechet algebra bundles E(D]1) and E(]B]1) are continuous. This will be deduced from 
the following general result. 

Theorem 8.16. Let X be a reduced Stein space, F he a Frechet algebra, I C ff{X,F) 
he a closed two-sided ideal, and A = ff{X,F)/F For every x E X, we identify with 
F/I,j, by Lemma 8.2. Suppose that there exist a dense subalgebra Aq C A and a directed 
defining family Afi = {|| ■ ||a : A G A} of seminorms on F such that for each a E Aq and 
each A G A the function X —)■ R, x ^ ||ax||A,x, is continuous (where || • ||a,x the quotient 
seminorm of || ■ ||a on F/I^). Then the bundle E(A) is continuous. 

To prove Theorem 8.16, we need two lemmas. 

Lemma 8.17. Under the conditions of Lemma 8.1, suppose that || • || is a continuous 
seminorm on 21. Let || • ||/ he the quotient seminorm of || ■ || on 21//, and let || • ||/^j be 
the quotient seminorm of || ■ ||/ on (2l//)/Jo. Then the isomorphisms (8.2) are isometric 
with respect to || ■ Hj+j, || • ||r,j, and || ■ \\jj, respectively. 

Proof. Elementary. □ 
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Lemma 8.18. Let K <Z X he a holomorphically convex compact set. For each f G ^{X), 
we let Wfllx = |/(a;)|. Given A G A, let || ■ ^ denote the projective tensor 

seminorm || • \\k ®-k || • ||a on ^(X, F), and let || ■ ||if,A denote the quotient seminorm of 
II ■ II if A Finally, given x E X, let || • \\kxx denote the quotient seminorm of || ■ ||if,A 

on A^. Then 


\K,\,x 



A X E K] 

li X ^ K. 


(8.27) 


Proof. As in Lemma 8.2, we identify F with ff{X, F)/ Ker . Let || • denote the 
quotient seminorm of || ■ \\f^x F. By applying Lemma 8.17 to 21 = ff[X,F) and 
J = mx2l (see (8.3)), we conclude that || ■ ||_ft:,A,a; equals the quotient seminorm of || • 
on F/Ix = Aj.. To complete the proof, it remains to compare the seminorms || ■ and 
II ■ IIA on F, i.e., to show that 


iW 

liC,A 


if T G 77, 

if T ^ 77. 


(8.28) 


Observe that <S) Ip, where G{fX') ^ C is the evaluation map. If 

This implies that 


X E K, then for every / G ^{X) we clearly have \ex{f)\ < 
lkf('*^)llA < ||'*^IIe-a ^ ff{X,F). Hence || • ||a < || ■ ||^\. On the other hand, for 

each V E F we have v = £^(1 0 v), and ||1 0 t||^a = II'^IIa- Therefore || • ||a = || • ||^a 
whenever x E K. 

Now assume that a; ^ 77. Since 77 is holomorphically convex, there exists / G ff{X) 
such that f{x) = 1 and ||/||ii- < 1. For each v E F and each n G N we have v = f"'{x)v = 
® whence 


u|li^,A < II/” ® < WfWllMx ^0 (n ^ oo). 


Thus 


= 0 whenever x ^ K. This implies (8.28) and completes the proof. 


□ 


Proof of Theorem 8.16. By construction of E(A) and by Remark A.26, the locally convex 
uniform vector structure on E(A) is given by the family 

^Ai = {||-|k,A:^eHCC(X), AgA}, 

where HCC(X) denotes the collection of all holomorphically convex compact subsets of 
X, and II ■ Ilii-^A is the seminorm on E(A) whose restriction to each fiber is || ■ ||_ft',A,a;- Let 
T = {a : a G Aq} C r(X, E). Since Aq is dense in A, it follows that the set : s G T} is 
dense in A^, for each x E X. Unfortunately, we cannot directly apply Proposition A.33 to 
T and || ■ Hi^-^A because of (8.27), which implies that the function x i—)■ ||sa;||if,A = ||-Sx||_N,A,a; 
is continuous on 77, but, in general, not on the whole of X. Thus we have to modify 
jFa as follows. Given 77 G HCC(X), choose a continuous, compactly supported function 
hx'. X X- [0,1] such that hx^x) = 1 for all x E K, and let 77' denote the holomorphically 
convex hull of supphi^. Define a new seminorm || ■ ||'^;^ on E(A) by 

ll^llkA = hK{p{u))\\u\\K',x {u E E(A)), 

and let jYf = {|| ■ W'k x • Ft E HCC(X), A G A}. Clearly, || ■ ||'^;^ is upper semicontinuous 
(being the product of two nonnegative, upper semicontinuous functions). Taking into 
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account (8.27), we see that 

II ■ ||a,A < II ■ ||i^,A — II ■ Ili^'A- 

This implies that ~ jYa-, whence Moreover, is admissible by 

Lemma A.16 (ii). Let now a G Aq and x E X. By (8.27) and by the choice of hx, we see 
that 

ll®a^lliC,A ll^ajll/fp h/f (x) IIOj,IIA (x) ||Oa,|| A,x) 

which is a continuous function on X by assumption. Now the result follows from Propo¬ 
sition A.33 applied to P and □ 

Corollary 8.19. The bundles E(D”) and E(B”) are continuous. 


Proof. For convenience, let us denote the norm || • on i^g(D”) by || • ||D,g,p. Similarly, we 
write II • ||B,q,p for the norm || ■ ||b,p on ffqiWf). Let F = and let {|| ■ ||p : p G (0,r)} 

be the standard dehning family of seminorms on F, where || • ||p is given by (6.3). Let 
also / = Jp and A = G’{<CA,F)/I = = i^def(Dr) (see Theorem 8.8). As in 

Lemma 8.2, given q G C^, let Iq = Sq{I) C F. By Theorem 6.14, we can identify F/Iq 
with ^g(D”). Moreover, the quotient seminorm || ■ ||p ,j of || ■ ||p on Fjlq becomes || • ||B,q,p 
under this identideation. 

Let now Aq = By Lemma 8.4, Aq is a dense subalgebra of A. Given a = 

T.k,p^kpx'"zP G Aq, we have 




q,p 


k 


P 


CkpQ^' 


Wq{k)p\^y 


This implies that the fnnetion q i—)■ ||aq||p,q is continuous on C^. By applying Theo¬ 
rem 8.16, we conclude that E(D”) is continuous. 

A similar argument applies to E(B”). Specifically, we have to replace ^"""(D”) by 
^(B”), II ■ lip by II ■ 11°, Jp by Jb, and to apply Theorem 7.10 instead of Theorem 6.14. 
The continuity of q i—)■ ||ag||p^g now follows from 


\a. 


U\\p,q 


— ||®q||B,q,p — 


J2^kpq^ 



1/2 

Uq{k)p^^K 


□ 


8.4. Relations to RieffePs quantization. The strict (C^-algebraic) version of defor¬ 
mation qnantization was introduced by M. Rieffel [136] (see also [137-141]). In this 
snbsection, we show that the algebras ffqfpf) and ffqfWf) fit into Rieffel’s framework 
adapted to the Frechet algebra setting. 

Towards this goal, it will be convenient to modify the bundles E(D”) and E(B]!) by 
replacing the “deformation parameter” g G by h G C, where q = exp{ih). Specifically, 
let h G ff{C) denote the complex coordinate, and let Id, /p , and Jb denote the closed two- 
sided ideals of i^(C, .^(D”)), ^(C, ^"’"(D”)), and i^(C, .^(B”)), respectively, generated 
by the elements (j(k — F^CkCj U < ^)- By analogy with (8.1), consider the Frechet 
^(C)-algebras 

^def(0 = ^(C,.^(D”))//„, 
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We will use the following simplified notation for the respective Frechet algebra bundles: 

£(©-) = E(^def(Dn), ET(D-) = E(^Tf(©-)), E(B-) = E(^def(®:?)). 

Exactly as in Subsection 8.1, we see that the hbers of E(©”) and E(B”) over h E C 
are isomorphic to i^exp(i/i)(Dr) ^exp{ih)(^r): respectively, that E(D”) and E"'"(D”) are 

isomorphic, and that E(D”) and E(B”) are continuous. 

Remark 8.20. Alternatively, we can dehne the bundles E(D”) and E(B”) to be the pull¬ 
backs of E(D”) and E(B”) under the exponential map e: C —)■ C^, h i—)■ exp(i/i). Specih- 
cally, suppose that X and Y are topological spaces, /: X —)■ F is a continuous map, and 
(E,p, '^) is a locally convex bundle over Y. The pullback f*E = ExyX is a prebundle of 
topological vector spaces over X in a canonical way; the projection p: f*E —)■ X is given by 
p{v,x) = X (cf. [65, 2.5]). Dehne /: f*E -E E by f{v,x) = v, and let denote the 

locally convex uniform vector structure on f*E with base {f~^{U) \ U G It is easy to 
show that {f*E,p, is a locally convex bundle. Moreover, if Jk' = {|| ■ ||a : A G A} 

is an admissible family of seminorms for E, then the collection = {|| ' IIa • A G A} 
is an admissible family of seminorms for f*E, where || ■ ||{ is given by ||(u,a;)||{ = ||u||a- 
Clearly, this implies that if E is continuous, then so is f*E. Finally, it can be shown that 
E(D”) = e*E(D”) and E(B]!) = e*E(B”). We will not use these results below, so we omit 
the details. 


Recall (see, e.g., [82]) that a Poisson algebra is a commutative algebra sY together with 
a bilinear operation {•,•}: x —)■ making sY into a Lie algebra and such that for 

each a E sY the map {a, ■} is a derivation of the associative algebra sY. 

The following dehnition is a straightforward modihcation of Rieffel’s quantization to 
the Frechet algebra case. 


Definition 8.21. Let jY he a Poisson algebra, and let X be an open connected subset of 
C containing 0. A strict Frechet deformation quantization of sY is the following data: 

(DQl) A continuous Frechet algebra bundle (A,p,'^) over X; 

(DQ2) A family of dense subalgebras {^h C : h G X}; 

(DQ3) A family of vector space isomorphisms 

ifi'. sY — \ O ''— t Qfi {h G X) 

such that io is an algebra isomorphism. 

Moreover, we require that for each a,b E sY 

(h^O). (8.29) 


Remark 8.22. If {|| ■ ||a : A G A} is an admissible family of seminorms on A, then (8.29) 
is equivalent to 


Ohbh — bhOh 


h 


- i{a,h}h 


^ 0 (h ^ 0), 


for all A G A. This is immediate from the fact that the family 

{T(R, 0, A, e) : R C X is an open neighborhood of 0, A G A, e > O} 
is a local base at Oq (see Lemma A. 12 (ii))- 
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Theorem 8.23. Consider the Poisson algebra = C[a;i,... ,Xn] with braeket 


{f,9} = 

i<j 


( df dg 
\ dxi dxj 


df dg \ 

dxj dxi J 


if, 9 e ^). 


Let {A,p, be a continuous Frechet algebra bundle over an open connected subset X C C 
containing 0. Assume that for each h E X the fiber A^ contains s^h = ^exp(jh)(*^”) ® 

dense subalgebra, and that for each j = 1,... ,n the constant section Xj of A is continuous 
(for example, we can let A = E(D”) or A = E(]B”)j. Let ih- be the vector space 

isomorphism given by x^ ce- x^ {k E Iff). Then (A, { 424 , ih\h&x) is a strict Frechet 
deformation guantization of . 


Proof. The only thing that needs to be proved is the compatibility relation (8.29). Let 

a-.IffxZl^Z, a{k,i) = ( 8 - 30 ) 


i<j 


An easy computation shows that for each / = ^'^‘3 g = Ylik G we have 


and 


Hence 


where 


fh9h = X] I X] ^khee~ 

m \k+£=m 

{f,9} = 5^(5^ akbe{(j{k,i) - k)) j a 

m \k+i=m / 

- i{f, = X] I <^khi^ki{h) j 

m \k+£=m / 


fh9h 9hfh 
h 


{X^h. 


p—ih(7[£.^k) _ p—iha{k,£) 

Pki{h) = - - - i {(j{k, i) - a[l, k)). 

For each k,i E Iff we clearly have (pk£{h) —)■ 0 as h ^ 0. 

Suppose now that {|| ■ ||a : A G A} is an admissible family of continuous seminorms on 
A. For each m E Tff and each A G A, the function h 1 —)■ || (a:”^)/i||A is continuous and hence 
is locally bounded. Therefore 

fh9h — 9hfh 


h 


i{f,9}h 


E Wkbeg>k£{h)\\\{x"^)h\\\ ^ 0 (h ^ 0). 

m k+l=m 


By Remark 8.22, this implies (8.29) and completes the proof. 


□ 


8.5. Relations to formal deformations. In this subsection, we associate to C’delffff) 
and ^def(®”) two Frechet C[[/i]]-algebras that are formal deformations (in the sense of [29]) 
of ^(Pf) and CiWf), respectively. 

Let A be a Frechet algebra. Following [29], we say that a Frechet C[[/i]]-algebra A is 
a formal Frechet deformation of A if (1) A is free as a Frechet C[[/i]]-module, and (2) 
A/hA = A as Frechet algebras. 

We will need the following simple construction. Suppose that iF —)■ L is a homomor¬ 
phism of commutative Frechet algebras, and that A is a Frechet iF-algebra. It is easy 
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to show that the Frechet L-module L ^ is a Frechet L-algebra with multiplication 
uniquely determined by 

{a a){f3 b) = al3 ® ab {a, f3 E L, a,b E A). 

Of course, a similar fact holds in the purely algebraic setting (with replaced by (^k)- 
Consider now the Frechet algebra homomorphism 

X: ^ C[[h]], 

where 2 : E ^(C^) is the complex coordinate. We let 

i(D”) = c[[/i]] § ^def(D”), A(m::) = C[[h]] § ^def(®”). 

^(Cx) ^(Cx) 

It follows from the above discussion that and A(]B”) are Frechet C[[/i]]-algebras in 

a canonical way. 

Here is the main result of this subsection. 

Theorem 8.24. The Frechet <C[[h]]-algebras H(D”) and H(B”) are formal Frechet defor¬ 
mations o/^(D”) and respectively. 

Remark 8.25. The only nontrivial part of Theorem 8.24 is to prove that and y4(B”) 

are free over C[[h]]. The difficulty comes from the fact that ^def(I®r) (and presumably 
^def(®r)) are not free over ^(C^) (see Subsection 8.2). 

To prove Theorem 8.24, we need some preparation. In what follows, given a Frechet 
algebra K and a Frechet space E, we identify E with a subspace oi K®E via the map 

X X. 

Lemma 8.26. Let K be a commutative Frechet algebra, let E be a Frechet space, and 
let M he a Frechet K-module. Then each continuous bilinear map E x E ^ M uniguely 
extends to a continuous K-hilinear map {K <S) E) x {K <S) E) ^ M. 

Proof. Elementary. □ 

Observe that contains the Laurent polynomial algebra = C[z,z 

(see Lemma 8.4 (i)) and hence is a ^''®®(C^)-algebra in a natural way. Consider the 
C[[/i]]-algebra 

<yS(c”) = ci|ft|] 0 <^S(c”). 

^reg(CX) 

By Lemma 8.4 (i), we have a ^''®®(C^)-module isomorphism 

® -E ^def(C"), / ® ^ fx^ if E k E Zl). 

Tensoring by C[[/i]], we obtain a C[[/i](-module isomorphism 

C[[/i]] ® ^ / 0 ^ fx’^ if E C[[/i]], kEZl). (8.31) 

Thus ^fjff(C’^) is a free C[[/i]]-module^. 

Given a Frechet space E, let C[[/i;E]] denote the vector space of all formal power 
series with coefficients in E. The isomorphism C[[/i;E]] = 1 —)■ {xj), makes 

C[[h;E]] into a Frechet space. Since the completed projective tensor product commutes 

^This implies that the h-adic completion of ^yff(C") is a formal deformation of ^''®s(C") in the 
algebraic sense. 
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with products (see [81, §41.6] or [59, Chap. II, Theorem 5.19]), we have a Frechet space 
isomorphism 

C[[/i]] ® E = C[[h] E]], ® a; I—)■ CjxhK 

j 3 


Proposition 8.27. Let D C C"' be a complete bounded Reinhardt domain. There exists 
a unique continuous C[[h]]-bilinear multiplication -k on C[[h]] (g) such that for all 

j,k = 1,... ,n we have 


XjXk if j < k] 
e~^^XkXj if j > k] 


(8.32) 


where Xi,...,Xn are the coordinates on C”. Moreover, {C[[h]]<^ ii’{D),k) is a formal 
Frechet deformation of 


Proof. Let us identify ^fj|f(C”) with a dense C[[/i]]-submoduIe of C[[h]\ ff{D) via (8.31). 
Clearly, the multiplication on ^f||f(C”) satishes (8.32). Thus our goal is to extend the 
multiplication to C[[h]] (g) ff{D). 

Let / = 9 ^ ^ (^''®®(C”) C ^f|ff(C"^). As in Theorem 8.23, we 

have 

mgZ" \k+£=m 

where a is given by (8.30). Let now / = Ylk^kX^ 9 ~ Ylk^kX^ ^ ff{D) C 
C[[/i]] (8) 0’{D). For each m G Z” , let 

Cm = Cm{f,9)= e C[[h]]. 

k+£=m 

We claim that the series is absolutely convergent in C[[/i]] (8) ff{D). To see this, 

consider the dehning family {|| • [[at : A^ G Z+} of seminorms on C[[/i]], where 

N 

II/IIa- = E I'pI (■'' = E 'p'"” ^ C|[All) . (8.33) 

p=0 P&‘+ 

Recall from (3.2) that the topology on ff{D) is given by the family {|| ■ ||p : p G (0,1)} of 
norms, where 

ii/iIp = E (/ = E s ^(^))- 

ke.’&'l k&Z’l 

and Uk = hk{D) = sup^^g^i ^ ^ ^+- Therefore the topology on C[[/i]] (8) iL{D) 

is given by the family {|| • : N G Z+, p G (0,1)} of seminorms, where || ■ Hat^p is the 

projective tensor product of the seminorms || ■ ||v and || ■ ||p. 

Take any N G Z+ and p G (0,1). For each m G Z” we have 

ik™iu< E i“p''p|ik"'“’''’''’ii«= E (lopkiELLLI) 

k+£=m k+i=m p=0 

< E (|“AieL^)<c J] laAik-rkr. 

k+e=m p=0 ” k+i=m 
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where C = supj>i t ^ J2p=o'^^/P- Choose r G (p, 1), and let 

We have 

J2\\^rnxn\N,p = J2\\^Mxn\p<cJ2 Y1 

mm m k+£=m 

<C^ Wkbe\\k\^\ifookOOip^^^p^^^ 

ra k+i=m 

Wbe\ukUJeT^’"W^^^ = C'\\f\\r\\g\\r- 

m k+i=m 

Thus the series CmX^ is absolutely convergent in C[[/i]] (8) ^(-D), and || CmX'^^N,p < 
C'll/llrllfi'llr- Hence we have a continuous bilinear map 

ff{D) X ff{D) ^ C[[/i]] § ^(D), (/, p) ^ / A p, (8.34) 

where f g = '^m^rn{f,g)x"^. By Lemma 8.26, (8.34) uniquely extends to a continuous 
C[[/i]]-bilinear map 

(C[[h]] 0 ^(D)) X (C[[/i]] 0 ^(D)) ^ C[[h]] 0 (/, g)^f^g. 

By construction, a extends the multiplication on and hence is associative by 

continuity. The uniqueness of a is clear. To show that A = (C[[/i]] 0 ^(D), a) is a formal 
Frechet deformation of ^{D), identify A with C[[h, ^{Dy^ as a Frechet space. The map 

A/hA CphP Co {cp e ^(T>)), (8.35) 

pez+ 

is obviously a Frechet space isomorphism. Since Xi-kXj = XiXj mod hA for all i,j = 
1,..., n, we conclude that (8.35) is an algebra isomorphism. □ 

The algebra (C[[/i]] 0 ff{D),-k) will be denoted by ^fdef(T*). 

Remark 8.28. Proposition 8.27 formally applies to D = D” and D = Wy only in the case 
where r < cxd. If r = oo, then we let 

^fdef(C"^) = lim ^fdef(P") = hm (^fdef(lB”). 
r>0 r>0 

Since the projective tensor product commutes with reduced inverse limits [81, §41.6], 
we see that ^fdef(C"^) = C[[/i]]0^(C") as a locally convex space, with multiplication 
uniquely determined by (8.32). Thus (^fdef(C^) is a formal Frechet deformation of ^(C"). 

Now, to prove Theorem 8.24, it suffices to construct Frechet C[[/i]]-algebra isomorphisms 
A(©jl) = ^fdef(irD]l) and H(B”) = (^fdef(®”). This will be done in the following lemmas. 

Lemma 8.29. There exist Frechet algebra homomorphisms ^(D”) —)■ ^fdef(lD)r ) and 
^{Wy) —)■ ^fdef(®") uniquely determined by Q Xi {i = 1,n). 

Proof. Let us start with the (more difficult) case of the homomorphism ^(®”) —)■ ^fdef(®r )• 
Suppose that u = CaCa ^ ^(®”). We claim that the family CaXa is summable in 
^fdef(IB]l). To see this, consider the dehning family {|| • Hat : iV G Z+j of seminorms on 
C[[/i]] given by (8.33) and the dehning family {|| ■ ||b,p : p G (0,r)} of norms on 
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given by (3.9). The projective tensor product of the seminorms || • Hv and || • ||b,p 
denoted by || • ||Ar^p. We have 


will be 


^ ^ Cq,Xq, 

= E 


Q:Gp“l(/i;) 


ctGp ^(/c) 

II 


= E 




k&Z” 

aep~l(A:) 

N 


N,p 

k\ ^ 


|A;|! 


P 


|fc| 


N 


ZZ Z - 

keZ'i j=o «ep-i(A:) 


-ini(Q;))-^ 


k\ 

P 


1/2 


P 


|fc| 


< 


E E Ki E 


^ ni(Q;)-^ \ f k\ ^ 


< 


aGp-i(A:) ^j =0 

/ ^ 

E E w(E^' 


f- 


\k\\^ ^ 


2A / k\ 


k&laep-^ik) ^j=0 


J! 


m 


p 


\k\ 


(8.36) 


Here we have used the obvious inequality ni(Q;) < \a\^. Now choose pi G (p,r), and hnd 
Cl, A > 0 such that 


N 


5^^<Ci( 1 + CA (t>0); 

^ j! 


i=o 

Ci(1 + CAp* <C2p 1 (t>0). 

Since |q;| = \k\ whenever a G p“^(A;), we can continue (8.36) as follows: 


/ ^ I I 

E E i^«i(E^ 


fcez"aep-i(fc) ^i=o 


'A 

n 


P<^iE E Ic«|(l + |A:| 


2N\ 


^ (k) 


k\ 

P 


1/2 


|fc| 


SC.E E 


/cEZJ Q;Ep“^ (Ai) 


k\ 

P 


1/2 


|fc| 

Pi • 


P' 


(8.37) 


Finally, applying the Cauchy-Bunyakowsky-Schwarz inequality together with (4.6), we 
continue (8.37) as follows: 


C.E E i<^' 

fceZ" a&p-^(k) 



= C2 



(8.38) 


Thus we see that for each u = XIoCqA G ^(B”) the family is summable in 

Adef(Bjl). Letting (p{u) = '^^CaXa, we obtain a linear map p: ^(B”) —)■ Adef(®r) such 
that <p(Cj) = Xi for all i = Moreover, (8.36)-(8.38) imply that ||<p(M)|lAr,p < 

C2||m|Ip^, so that ip is continuous. Since the restriction of p> to the dense subalgebra 
Fn C ^(B”) is clearly an algebra homomorphism, we conclude that (p is a homomorphism. 
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The homomorphism —)■ ^fdef(D”) is constructed similarly. Specifically, we re¬ 
place II • ||b,p by II ■ ||d,p in the above argument, remove the factor from (8.36) 

and (8.37), and observe that the last expression in (8.37) will be exactly C 2 II CoCa||pi,i, 
where the norm || ■ ||p^ 1 is given by (6.2). Thus (8.38) is not needed in this case. The last 
step of the construction is identical to the case of B”. □ 

Remark 8.30. It follows from the above proof that Lemma 8.29 holds with replaced 

by ^T(D(1). 

Remark 8.31. If we knew that ^fdef(Dr) is an Arens-Michael algebra, then the construction 
of the homomorphism —)■ ^fdef(Dr) could easily be deduced from the universal 

property of ^(D”). As a matter of fact, ^fdef(71) is indeed an Arens-Michael algebra 
(for each complete bounded Reinhardt domain D, as well as for D = C""), but the direct 
proof of this result is rather technical, so we omit it. Anyway, the fact that (^fdef(D”) and 
^fdef(B”) are Arens-Michael algebras will be immediate from Theorem 8.24. 

From now on, the image of Xj G ^def(Dr) (j = 1,..., n) under the map 

^ App = C[[h]] § ^def(0, ue^lc[[k]]®u, 

will be denoted by the same symbol Xj. This will not lead to a confusion. The same 
convention applies to ^def(®r) and A(®”). 

Lemma 8.32. There exist continuous linear maps ^(D”) —)■ A(D”) and ffpp A(®”) 
uniquely determined by x^ 1 —)■ (/c G Z”). 


Proof. As in Lemma 8.29, we start by constructing the map ffpf) A(®”) (as we shall 
see, the case of D” is much easier). Applying the functor C[[/i]] (8)^(cx)(—) to the quotient 
map 

we obtain a surjective homomorphism 

ttb : C[[/i]] § = C[[/i; ^(B)!)]] ^ i(B(?) 

of Frechet C[[/i]]-algebras. For each s G Z+ and each p G (0,r), define a seminorm || ■ H^ p 
on C[[h; .^(B”)]] by 

Z A'*-’ = 

j 

Clearly, {|| • H^p : s G Z+, p G (0,r)} is a (nondirected) defining family of seminorms on 

c[[p^{wp]].' 

Given /c G Z”, let 


“^ = 77n E e*“(“)"CaeC[[/i,.F(B”)]]. 

' ''a&p-Rk) 

Observe that 

Muk) = ^_ E = M = 

Q;Gp~^(fc) Q:Gp“l(fc) 

Take s G Z+ and p G (0, r), choose any pi G (p, r), and find G > 0 such that 

< Cp\ (t > 0). 


(8.39) 
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Using the fact that m(Q;) < lap, we obtain 




<1^1 


2s 


«ep~i(fc) 

|*:|! 


ini(a))‘ 


s\ 


pl^l < C 


° = J±( y 

p 1^1’Vrt) 

\k\l 


ni(a)^ 


2s \ 1/2 


(.!) 


Ii2 


P 


|fc| 


ppi = cy 


•,pi- 


This implies that for each / = ^ ^(®”) the series J^k^kUk absolutely converges 

in C[[/i; ^(B”)]]. Moreover, we have 


k 


<C\\f\\M,p,. 

s,p 


Hence we obtain a continuous linear map 

^(®”) ^C[[h;.^(B:!)]], x^^Uk {keZl). 

Taking into account (8.39), we conclude that ttb//’: ^(®”) —)■ A(®”) is the map we are 
looking for. 

To construct the map i^(Dp) —)■ y4(D”), observe that for each k G Zp, each p G (0,r), 
and each r > 1 we have 

||Clp,r<rV^'=r"||a;i„,, 

(where the norm || • on ^(D^) is given by (6.2)). This implies that for each / = 
Ylk^kX^ G ^(D”) the series Ylk^kC^ absolutely converges in to an element j(/), 

and that j: ^(D”) is a continuous linear map. Clearly, the composition 


4 -A C[[h-^{wp] A{wp 

(where no is dehned similarly to ttb) is the map we are looking for. 


□ 


Theorem 8.33. There exist Frechet P[[h]]-algehra isomorphisms H(D”) —)■ ^fdef(Dr) and 
H(B”) —)■ i^fdef(®r) uniquely determined by Xi Xi {i = 1,... ,n). 


Proof. Let D = D” or D = B”, and let 

<Po: ^(-D)-t ^fdef(-D), Ci'-^Xi {i = l,...,n) 

be the Frechet algebra homomorphism constructed in Lemma 8.29. Consider the map 

ipi: ^(C) 0.^(T))-)■ i^fdef(T>), / 0 M H-A(/)(Po(m)- 

Clearly, (pi is a Frechet ^(C^)-algebra homomorphism, and <pi vanishes on Id. Hence (pi 
induces a Frechet ^(C^)-algebra homomorphism 

(P 2 : ^def(-D) -)■ ^fdef(T>), / 0 M + Id H- \{f)(po{u). 

Consider now the map 

(p: A{D) = C[[/l]] 0 l^def(^) -t l^fdef(^), p 0 u l-t g<f 2 {v). 

^(CX) 


Clearly, ip takes Xi to Xi and is a Frechet C[[/i]]-algebra homomorphism. We claim that p 
is an isomorphism. To see this, let 

i^o: ff{D) ^ A{D), 4^4 


{k G ZP) 
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be the linear map constructed in Lemma 8.32. We have a Frechet C[[/i]]-module morphism 

i): ^fdei{D) = C[[/i]] 0 ff{D) -)■ A{D), f /^o(fi')- 

Clearly, and {'il)^p){x^) = x^ for all /c G Z”. Since the C[[/i]]-submodule 

generated by {x^ : k G Z”} is dense both in i^fdef(L*) and in A{D), we conclude that 
ifil) = l^fdef(D) and '^ 9 ? = ^a{d)- Hence 99 is a Frechet C[[/i]]-algebra isomorphism. □ 

Now Theorem 8.24 is immediate from Theorem 8.33 and Proposition 8.27. 

Appendix A. Locally convex bundles 

In this Appendix, we collect some facts on bundles of locally convex spaces and algebras. 
Most dehnitions below are modihcations of those contained in [53] (cf. also [35,170]). 
The principal difference between our approach and the approach of [53] is that we do not 
endow the total space A of a locally convex bundle with a family of seminorms. Instead, 
we introduce a coarser “locally convex uniform vector structure” on E compatible with 
the topology on E (see Dehnitions A.3 and A.10). The reason is that we need a functor 
from locally convex A-modules (where A is a subalgebra of C{X)) to locally convex 
bundles over X (see Theorems A.28 and A.31). It seems that the approach of [53] is not 
appropriate for this purpose. 

By a family of vector spaces over a set X we mean a pair {E,p), where A is a set 
and p: A —)■ A is a surjective map, together with a vector space structure on each hber 
Aa, = p~^{x) {x E X). As usual, we let 

AxxA = {(m,t)gAxA: p{u) = p(u)}. 

For a subset V (Z X, a map s: V ^ A is a section of (A,p) over V ii ps = ly. It will 
be convenient to denote the value of s at x E V hy Sx- The vector space of all sections of 
(A,p) over V will be denoted by S(y,E). In other words, S(y,E) = Y\x&v 

Definition A.l. Let A be a topological space. By a prebundle of topological vector spaces 
over A we mean a family {E,p) of vector spaces over A together with a topology on A 
such that p is continuous and open, the zero section 0: A —)■ A is continuous, and the 
operations 

E Xx E ^ E, {u,v) cE- u + V, 

C X A —y A, (A, t) i —y An, 

are also continuous. 

Remark A.2. If (A,p) is a prebundle of topological vector spaces, then each hber Ex is 
clearly a topological vector space with respect to the topology inherited from A. 

If (A, p) is a prebundle of topological vector spaces over A, then the set of all continuous 
sections of (A,p) over V G X will be denoted by F(V, A). The above axioms readily imply 
that F(V, A) is a vector subspace of SiV, A). 

Prebundles of topological vector spaces are too general objects for our purposes. First, 
we would like that the topology on each hber Ex inherited from A be locally convex. 
What is more important, we would like to consider prebundles endowed with an additional 
structure that would enable us to “compare” 0-neighborhoods in diherent hbers. This can 
be achieved as follows. 
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Let {E,p) be a family of vector spaces over a set X. We say that a subset S C E 
is absolutely convex (respectively, absorbing) if S O E^ is absolutely convex (respectively, 
absorbing) in E^, for each x E X. 

Definition A.3. Let X be a set, and let {E,p) be a family of vector spaces over X. 
By a locally convex uniform vector structure on E we mean a family of subsets of E 
satisfying the following conditions: 

(Ul) Each U E ^ is absorbing and absolutely convex. 

(U2) If e ^ and A e C \ {0}, then \U E 
(U3) lfU,VE then UnV E^. 

(U4) If U E and V D U is an absolutely convex subset of E, then V E ^. 

Example A.4. If X is a single point and E is just a vector space, then there is a 1-1 
correspondence between locally convex topologies on E (i.e., topologies on E making E 
into a locally convex topological vector space) and locally convex uniform vector structures 
on E. Indeed, if E is endowed with a locally convex topology, then the family of all 
absolutely convex 0-neighborhoods in E is a locally convex uniform vector structure on 
E. Moreover, each locally convex uniform vector structure arises in this way (see, e.g., [80, 
§ 18 , 1 ]), 

Remark A.5. A locally convex uniform vector structure on E determines a uniform 
structure ^ (in Weil’s sense; see, e.g., [48, Chap. 8]) on E whose basis consists of all sets 
of the form 

IJ ={{u,v)eE^xE-.u-vE\J} {Ue^). 

Definition A.6. Let X be a set, {E,p) be a family of vector spaces over X, and ^ be a 
locally convex uniform vector structnre on E. We say that a subfamily C ^ is a base 
of if for each U E ^ there exists B E such that B <Z U. 

Clearly, a hlter base RS <Z 2^ consisting of absorbing, absolutely convex snbsets of E is 
a base of a (necessarily nnique) locally convex nniform vector structnre if and only if 
satishes the condition 

(BU) For each B E ^ there exists B' E ^ such that B' C (1/2)5. 

It is a standard fact that each locally convex topology on a vector space is generated 
by a family of seminorms. This result can easily be extended to locally convex uniform 
vector structnres on a family of vector spaces. Let {E,p) be a family of vector spaces over 
a set X. By dehnition, a fnnction || ■ ||: 5 —)■ [0, -|-cxd) is a seminorm if the restriction of 
II ■ II to each fiber is a seminorm in the usual sense. Suppose that = {|| ■ ||a : A G A} 
is a family of seminorms on E. We assnme that is directed, that is, for each A,/i G A 
there exist C > 0 and z/ G A snch that || ■ ||a < C|| • \\u and || • ||^ < C|| ■ \\y. Given A G A 
and e > 0, let Ua,£ = {u E E : ||n||A < £}• 

Proposition A.7. Let X be a set, and let {E,p) be a family of vector spaces over X. 

(i) For each directed family JF = {|| ■ ||a : A G A} o/ seminorms on E, the family 

= {Ua,£ : a G a, e > 0} is a base of a locally convex uniform vector structure 
on E. 

(ii) Conversely, for each locally convex uniform vector structure on E there exists a 
directed family JF of seminorms on E such that ‘W = Specifically, we can take 
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jV = {pb '■ B G ^}, where SS is any base of and pb is the Minkowski funetional 
ofB. 

Proof, (i) Clearly, PSis a filter base on E, each set belonging to is absorbing and 
absolutely convex, and PS,yY satisfies (BU). 

(ii) Given - 81,-82 G tdS-, find -83 G such that -83 C -81 fl - 82 . We clearly have 
niax{psi,P-B 2 } ^ Pbs, which implies that is directed. It is a standard fact that for 
each absorbing, absolutely convex set B we have 

{ue E : pb{u) <1} C B C {ue E : Pb{u) < 1}. 

Thus for each -8 G we have C B, whence ^ C On the other hand, for each 
B E PS and each e > 0 we have {e/2)B C whence C ^. □ 

Definition A.8 . If JV = {|| • ||a : A G A} and JV' = {|| ■ ||/i : G A'} are two directed 
families of seminorms on E, then we say that is dominatedhj JV' (and write JP -< jV') 
if for each A G A there exist C > 0 and /i G A' such that || ■ ||a < C|| ■ ||p. If JP -< JP' 
and JP' -< JP^ then we say that JP and JP' are equivalent and write J^ ~ M''. 

A standard argument shows that J^ -< JP' if and only if C and hence 

JP ~ JP' if and only if . 

Given a family {E,p) of vector spaces over X, let 

add :-8 Xx -8 —)■- 8 , {u,v) u + v. 

For each pair S, T of subsets of - 8 , we let S' + T = add((S' x T) fl (-8 Xx - 8 )). 

Lemma A.9. Let X be a topological space, and let {E,p) be a prebundle of topological 
vector spaces over X. For each open set V C X, each s G T(y,E), and each open set 
U C E, the set s(IA) + U is open in E. 

Proof. Clearly, the map p~^{y) -E E, n 1 —)■ n — Sp(y), is continuous. Now the result follows 
from the equality 

s(V) + [/= {vEp-^(V) :v-Sp(,) eB}. □ 

Definition A.10. Let X be a topological space. A bundle of locally convex spaces (or 
a locally convex bundle) over X is a triple {E,p,'^), where {E,p) is a prebundle of 
topological vector spaces over X and ^ is a locally convex uniform vector structure on 
E satisfying the following compatibility axioms: 

(BO) For each U E there exists an open subset Uq G U, Uq E . 

(Bl) The family 

{s(C) + U :V CX open, s G F(C, E), U E^, U is open} 

is a base for the topology on E. 

(B2) For each x E X, the set 

{sj, : s G F(V, .8), C is an open neighborhood of t} 

is dense in E^ with respect to the topology inherited from E. 

If, in addition, each hber E^ is a Frechet space with respect to the topology inherited 
from E, then we say that {E,p, '^) is a Frechet space bundle. 
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Remark A. 11. We would like to stress that the topology on E does not coincide with the 
topology r(^) determined by the uniform structure ^ (see Remark A.5). In fact, each 
fiber is r('^)-open, which is not the case for the original topology on E (unless X is 
discrete). Axiom (Bl) implies that r(^) is stronger than the original topology on E. 

Lemma A.12. Let X be a topologieal spaee, and let {E,p, be a locally convex bundle 
over X. Suppose that is a base of consisting of open sets. Then 

(i) the family 

{s(R) + B:V CX open, s e r(R, E), B e 
is a base for the topology on E; 

(ii) for each open set X' C X, each s G r(X', E), and each x G X', the family 

{s(R) + B : V G X' is an open neighborhood of x, B E 
is a base of open neighborhoods of Sx- 

Proof. Let W be an open subset of E, and let u G W. Without loss of generality, we 
may assume that W = s(R) + U for some open set R C X, s G r(I/, E), and an open set 
U E ^. Letting x = p{u), we see that u — Sx E U. Since U is open, there exists 5 E (0,1) 
such that u — Sx E (1 — 26)U. Choose B E such that B C 5U. By Remark A.2, 
u + (R n Ex) is a neighborhood of u in Ex. Hence (B2) implies that there exist an open 
neighborhood V gV oi x and t E r(R', E) such that tx E u + B. We have 

tx — Sx = {tx — u) + {u — Sx) E 5U + (1 — 25)U = (1 — 5)U. 

Hence there exists an open neighborhood V" gV oi x such that {t — s)(R") C (1 — 5)U. 
We clearly have u E t{V'') + B, and 

t{V'') + B G s{V'') + {t- s)(R") + Bg s(R) + (1 - 5)U + 5U = s{V) + U. 

This completes the proof of (i). The proof of (ii) is similar and is therefore omitted (cf. 
also [53]). □ 

Let us now study relations between locally convex bundles in the sense of Definition A. 10 
and locally convex bundles in the sense of [53]. Let {E,p) be a family of vector spaces 
over a set X, and let gR = {|| ■ ||a : A G A} be a directed family of seminorms on E. Given 
A G A, e > 0, a set R C X, and a section s: V ^ E, dehne the “e-tube” around s by 

T(R,s, A,e) = {v E E : p{v) E V, ||u - Sp(^y)\\x < e}. 

Observe that T(X, 0, A,e) = UA,e and 

T(R,s,A,e) = 8(R) + UA,.. (A.l) 

Definition A.13. Let X be a topological space, {E,p) be a prebundle of topological 
vector spaces over X, and gR = {||-||A:AGA}bea directed family of seminorms on E. 
We say that gR is admissible if the following conditions hold (cf. [6,53,64,169]): 

(Adi) The family 

^{GR) = {T(R, s. A, e) : R C X open, s G r(R, R), A G A, e > O} 
consists of open sets and is a base for the topology on E. 
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(Ad2) For each x G X, the set 

{sa: : s G r(V, i?), is an open neighborhood of t} 

is dense in with respect to the topology generated by the restrictions of the 
seminorms || ■ ||a (A G A) to E^. 

Remark A.14. The condition that all sets belonging to are open is eqnivalent to 

the upper semicontinuity of all seminorms from jR. Indeed, || ■ ||a is upper semicontinuous 
if and only if Ua,£ = T(X, 0, A,e) is open for all e > 0. By (A.l) and Lemma A.9, this 
implies that each T(V, s, A, e) G is open. 

Remark A. 15. Some authors (e.g., [6,53]) use a stronger form of (Adi) and (Ad2) in which 
r(V, E) is replaced by the space F^(V, E) of ^-bounded sections (i.e., those s G F(I/, E) 
for which the function x i—)■ ||<s(a;)||A is bounded for every A G A). This restriction is 
not needed for our purposes. Anyway, the stronger form of (Adi) and (Ad2) is clearly 
equivalent to ours in the case where X is locally compact. 

Lemma A.16. Let {E,p) be a prebundle of topological vector spaces over X, and let ^ 
and JL' be directed families of upper semicontinuous seminorms on E. 

(i) //o/F -< jL' and JL' satisfies (Ad2), then each set from is a union of sets 

belonging to 

(ii) If^ and ^ is admissible, then so is JV'. 

Proof, (i) Let jR = {|| • ||a : A G A} and JV' = {|| ■ ||^ : G A'}. Take any T(V, s, A,e) G 

and let u G T(B, s, A,e). Choose /i G A' and C > 0 such that || • ||a < C|| • ||^. Let 

X = p{u), and find <5 > 0 such that 

2h/h T lltl — 5a,||A ^ 

Since jR' satishes (Ad2), there exist an open neighborhood IF of a; and t G F(IF, E) such 
that ||F — m||^ < 5. We have 

IIF "SxIIa ^ IIF ii||aF lln >53,11 A ^ Cllfj; ^11^ F Hri >Sa;||A ^ F Hn >Sx||a> 

Since || ■ ||a is upper semicontinuous, there exists a neighborhood IF' of x, W C F fl IF, 

such that 

||tj/- .SylU < Ch + ||m - .S3;||a (i/G if'). 

Clearly, u G T{W',t, We claim that 

T(IF', t, p, 6) C T(F, s. A, e). (A.2) 

Indeed, let v G T(W',t, p,6), and let y =p{v). We have 

Ijn "^j/IIa F lln ^j/IIa F ^ty >5j;||a 

— ^11^ ^?/IIm F II'^?/IIa ^ CS -\- Cd F ||n >53,11 a ^ 

This implies (A.2) and completes the proof of (i). Part (ii) is immediate from (i). □ 

Lemma A.17. Let X be a topological space, {E,p) be a prebundle of topological vector 
spaces over X, and = {|| ■ ||a : A G A} &e a directed family of seminorms on E 
satisfying (Adi). Then for each x ^ X the topology on E^ inherited from E coincides 
with the topology generated by the restrictions of the seminorms || ■ ||a (A G A) to E^. 



60 


A. YU. PIRKOVSKII 


Proof. Let r denote the topology on inherited from E, and let r' denote the topology 
on Ex generated by the restrictions of the seminorms || ■ ||a (A G A). The standard base 
for t' consists of all sets of the form 

B\,e{v) = {ue Ex'. \\u - vIIa < e} {v e Ex, X e A, e > 0). 

Since T(V, s, A, e)nEx = Bx^^^Sx), (Adi) implies that r C r'. On the other hand, we have 

=v + Bx,e{0x) = U + T(X, 0, A, e) O Ex- 

Together with Remark A.2, this implies that Bx^e{v) is r-open. Thus t = r'. □ 

Proposition A. 18. Let X be a topological space, and let {E,p) be a prebundle of topo¬ 
logical vector spaces over X. A locally convex uniform vector structure ^ on E satisfies 
(B0)-(B2) if and only if ^ ^jr for an admissible directed family of seminorms on 

E. Specifically, given we can take jY = {pb '■ B G where is any base of ^ 
consisting of open sets. 

Proof. Let ^ be an admissible directed family of seminorms on E. The set Ua,£ = 
T(X, 0, A, e) is open by (Adi), and so satishes (BO). It is also immediate from (Adi) 
and (A.l) that satisfies (Bl). Finally, (B2) follows from (Ad2) and Lemma A.17. 

Conversely, let be a locally convex uniform vector structure on E satisfying (BO)- 
(B2), and let be a base of ^ consisting of open sets. Applying Proposition A.7, we 
see that ^ = where JY = {ps '■ B G Y§}. We claim that JY is admissible. Indeed, 
a standard argument (see, e.g., [142, 1.4]) shows that for each R G we have B = Up^^i. 
Together with (A.l), this implies that for each open set V (Z X, each s G r{V,E), and 
each e > 0 we have 

T{V,s,pB,e) = s(R) + Up,,, = s(R) +£Up„i = s{V)+eB. (A.3) 

Now (Adi) follows from (A.3) and Lemma A.12 (i). Finally, (Ad2) is immediate from 
(B2) and Lemma A. 17. □ 

Remark A. 19. According to Gierz [53], a locally convex bundle over X is a triple {E, p, J^) , 
where {E,p) is a prebundle of topological vector spaces over X, and J^ is an admissi¬ 
ble (in the strong sense, see Remark A. 15) directed family of seminorms on E. For our 
purposes, however, the locally convex uniform vector structure determined by J^ is more 
important than JY itself. Thus our point of view is closer to that of [35] and [170]. In 
some sense, the difference between our bundles and bundles in the sense of [53] is the same 
as between locally convex spaces and polynormed spaces (i.e., vector spaces endowed with 
distinguished families of seminorms, see [60]). However, in contrast to the case of topo¬ 
logical vector spaces, neither the locally convex uniform vector structure determines the 
topology of E, nor vice versa. 

Definition A.20. Let {E,p,‘W) and {E',p' be locally convex bundles over X. A 
continuous map f: E ^ E' is a bundle morphism if the following holds: 

(BMl) p'f = p- 

(BM2) the restriction of / to each hber Ex {x G X) is a linear map from Ex to E'^] 
(BM3) for each U' G , we have f~^{U') G ^ . 

Remark A.21. Clearly, (hi) is equivalent to the uniform continuity of / with respect to 
the uniform structures ^ and (see Remark A.5). 
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The category of all locally convex bundles and bundle morphisms over X will be denoted 
by Bnd(X). 

The following result (see [53, 5.2-5.7]) is a locally convex version of Fell’s theorem [49] 
(cf. also [50, 11.13.18], [177, C.25], [169], [170]). It provides a useful way of constructing 
locally convex bundles out of their fibers, seminorms, and sections. 

Proposition A. 22. Let X be a topologieal space, {E,p) be a family of vector spaces over 
X, and ^ = {|| ■ ||a : A G A} be a directed family of seminorms on E. Suppose that T is 
a vector subspace of S{X,E) satisfying the following conditions: 

(51) For each x E X, the set {sj, : s G T} is dense in E^ with respect to the topology 
generated by the restrictions of the seminorms || ■ ||a (A G A) to E^; 

(52) For each s G T and each A G A, the map X —)■ M, x ^ ll-SajlU; is upper semicontinu- 
ous. 

Then there exists a unique topology on E such that {E,p,'^^) is a locally convex bundle 
and such that T C T{X,E). Moreover, the family 

{T(V,s, A,e) :VcX open, s G T, A G A, e > O} (A.4) 

is a base for the topology on E. 

Remark A.23. The uniqueness part of Proposition A.22 is not proved in [53], so let us 
explain why the topology tX with the above properties is unique, i.e., why (A.4) must be 
a base of RL. Let W <Z E he an open set, and let u G W. Without loss of generality, we 
may assume that W = T(V,s, A,e) G Let x = p{u). Since ||m — s^jHa < s, we can 

choose (5 > 0 such that 

25 + ||m — Sa;||A < £• 

By (SI), there exists t G T with \\tx — m||a < 5. Then \\tx — Sa;||A < 5 + ||m — Sa;||A. By 
the upper semicontinuity of || • ||a, there exists an open neighborhood V of x such that 
V' CV and 

- Sj/IIa < ^ + ||m --So^lU {yeV). 

By construction, u G T(I/', t, A, 5). We claim that 

T(W,f,A,(5) C T(P,s,A,e). (A.5) 

Indeed, let v G T(W, t, A, 5), and let y = p{v). We have 

|[n '^^IIa ^ T ||ty ^ 2i5 T Hi/ 5a,||A ^ s:. 

This proves (A.5) and implies that (A.4) is a base of 57. 

Alternatively, the uniqueness of FT can be proved by adapting Fell’s original argument 
(see [49], [50, 11.13.18], or [177, C.25]) to the locally convex setting. 

Remark A.24. Under the conditions of Proposition A.22, we can replace by any di¬ 
rected subfamily equivalent to M". By the uniqueness part of Proposition A.22, this will 
not affect the topology and the locally convex uniform vector structure on E. 

Let us now describe a situation where conditions (SI) and (S2) of Proposition A.22 
are satisfied automatically. Let A be a commutative algebra. By a locally convex K- 
module we mean a A-module M together with a locally convex topology such that for 
each a E K the map M —)■ M, x i—)■ ax, is continuous. The category of all locally convex 
A-modules and continuous A-module morphisms will be denoted by A-mod. Suppose 
that A is a topological space and 7 : A —)■ C{X) is an algebra homomorphism. Given 
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a & K and a; G X, we write a{x) for 7 (a)(a;). Define Ex-K^Chy ex{a) = a{x), and let 
= Ker^j;. Given a locally convex X-module M and u G M, let 

Mx = M/mxM, Ux = u + vcixM G Mx- (A.6) 

We say that Mx is the fiber of M over x E X. If || ■ || is a continuous seminorm on M, 

then the respective quotient seminorm on Mx will be denoted by the same symbol || ■ ||; 

this will not lead to confusion. 

The following lemma is a locally convex version of [135, Proposition 1.2]. 

Lemma A.25. For each u G M, the function X —)■ M, x ||'*^a;||; is upper semicontinu- 
ous. 

Proof. Let x E X, and suppose that ||Ma;|| < C. We need to show that ||mj,|| < G as soon 
as y is close enough to x. We have 

inf{||M + nil : n G vcixM} = inf{||n + n|| : n G vcixM} = ||na,|| < G, 

and so there exist oi,.. ., G rria, and vi,... ,Vn E M such that 

n 

u + OiVi < C. (A.7) 

i=\ 

Observe that for each a E K and each y E X we have a — a{y) E my. Hence 

n n n 

||mj/|| < u +- ai{y))vi < u + '^OiVi + ^ |aj(|/)|||ui||. (A.8) 

i=l i=l i=l 

Since each a* is continuous and vanishes at x, (A.7) and (A.8) together imply that there 
exists a neighborhood V oi x such that ||nj^|| < G for all y E V. This completes the 
proof. □ 

We are now in a position to construct a hber-preserving functor from X-mod to Bnd(X). 
Given a locally convex X-module M, let E(M) = Uxex AG, and let pu'- E(M) —)■ X be 
given by pm{Mx) = {x}. Thus (E(M),pm) is a family of vector spaces over X. Let 
= {|| ■ ||a : A G A} denote the family of all continuous seminorms on M. For each 
A G A and each x E X, the quotient seminorm of || ■ ||a on Mx will be denoted by the 
same symbol || ■ ||a (see discussion before Lemma A.25). Thus we obtain a directed family 
yIm = {IM|a : a G A} of seminorms on E(M). The locally convex uniform vector structure 
on E(M) determined by M'm will be denoted by ‘^m- For each u G M, the function 
■u: X —)■ E(M), X I—)■ Ux, is clearly a section of (E(M),pm)- Let Vm = {u '■ u E M}. For 
each X E X, we obviously have {ux : u G F^} = Mx, and so (SI) holds. Lemma A.25 
implies that (S2) holds as well. Applying Proposition A.22, we see that {E{M),pm,'^m) 
is a locally convex bundle over X. For brevity, we will denote every basic open set 
T(H, h. A, e) in E(M) (where H C X is an open set, u E M, A G A, and £ > 0) simply by 
T{V,u,X,e). 

Remark A.26. In the above construction, we can let be any directed dehning family 
of seminorms on M. By Remark A.24, this will not affect the topology and the locally 
convex uniform vector structure on E(M). 

Suppose now that /: M —)■ X is a morphism in X-mod. For each x E X we clearly have 
f{mxM) C mxN. Hence / induces a continuous linear map fx'- Mx -E Nx, Ux e-)■ f{u)x. 
We let E(/); E(M) —)■ E(X) denote the map whose restriction to each hber Mx is fx- 
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Lemma A.27. E(/); E(M) —)■ E(iV) is a bundle morphism. 

Proof. Clearly, E(/) satisfies (BMl) and (BM2). Let u E M and x E X, and let us prove 
the continuity of E(/) at Ux E Mx. Let {|| ■ ||a : A G A} (respectively, {|| ■ \\^ : p, E A'}) 
denote the family of all continuous seminorms on M (respectively, N). By Lemma A. 12 
(ii), a basic neighborhood of E{f){ux) = f{u)x has the form T(V, f{u),p, e), where V (Z X 
is an open neighborhood of x, p E A', and e > 0. Since / is continuous, there exists X E A 
such that for each v E M we have ||/(T)||/i = ||t||a- By passing to the quotients, we see 
that ||/j/(uj;)||^ < ||tj/IU {v E M, y E X). We claim that 

E(/)(T(C,w,A,£)) cT(C,/(w),/i,£). (A.9) 

Indeed, for each Vy E T(V, u, A, e), where v E M and y E V, we have 

l|E(/)('^?;) ~ fi.'^)y\\u ~ Wfyi'^y ~ — W'^y ~ '^y\\>' ^ 

This implies (A.9) and shows that E(/) is continuous. Finally, letting u = 0 and V = X 
in (A.9), we conclude that E(/) satishes (BM3). □ 

Summarizing, we obtain the following. 

Theorem A.28. There exists a funetor E; A-mod — )■ Bnd(X) uniquely determined by 
the following properties: 

(i) for each M G A-mod and each x E X, we have E{M)x = Mxt 

(ii) the locally convex uniform vector structure on E(M) is determined by pPm; 

(hi) for each M E A-mod and each u E M, the section u: X E(M), x e-)■ Ux, is 
continuous; 

(iv) for each morphism f: M ^ N in A-mod and each x E X, we have ^{f)x = fx- 

For the purposes of Section 8, we need locally convex bundles with an additional al¬ 
gebraic structure. Let A be a set, and let (A,p) be a family of vector spaces over X. 
Suppose that each hber Ax {x G X) is endowed with an algebra structure, and let 

mult: A Xx A —)■ A, {u,v)*-E-uv. (A.10) 

For each pair S, T of subsets of A, we let S' ■ T = mult ((S' x T) n (A Xx A)). 

Definition A.29. Let A be a topological space. By a locally convex algebra bundle over 
A we mean a locally convex bundle (A, p, ^) over A together with an algebra structure 
on each hber Ax {x E X) such that 

(B3) the multiplication (A. 10) is continuous; 

(B4) for each U E ^ there exists G such that V - V <ZU. 

If, in addition, each hber Ax is a Frechet algebra with respect to the topology inherited 
from A, then we say that (A, p, '^) is a Frechet algebra bundle. If (A, p, ^) and (A', p', ^') 
are locally convex algebra bundles over A, then a bundle morphism /: A —)■ A' is an 
algebra bundle morphism if the restriction of / to each hber A^, (t G A) is an algebra 
homomorphism from Ax to A(,. 

The category of all locally convex algebra bundles and algebra bundle morphisms over 
A will be denoted by AlgBnd(A). 

We need the following modihcation of Proposition A.22. 

Proposition A.30. Under the conditions of Proposition A.22, suppose that each Ex is 
endowed with an algebra structure and that the following holds: 
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(53) For each A G A there exist fi E A and C > 0 such that for each x E X and each 
u,v E Ex we have ||mu||a < C'||M||/i||v||/i; 

(54) r is a subalgebra of S{X, E). 

Then the bundle constructed in Proposition A.22 is a locally convex algebra 

bundle. 

Proof. Condition (S3) implies that for each e > 0 we have C Ua,£, where 

5 = min{e/C, 1}. Thus (B4) holds. To prove (B3), let u,v E E Xx E, and let T(C, c, A, e) 
be a basic neighborhood of uv, where C C X is an open set, c G T, A G A, and e > 0. 
Find n E A and C > 0 satisfying (S3). Fix any e' G (0,e) such that uv G T(l/,c, A,e'), 
and choose 5 > 0 such that 

CS{\\u\\fj, + ||n||/, + 5(5) < e - s'. (A.ll) 

Let X = p{u) = p{v). By (S3), the multiplication on E^ is continuous, so (SI) implies 
that there exist a, 6 G F such that 

\\u-ax\\^,<d, lln - < (5, (A.12) 

axbx e T(V,c, A,£')- (A. 13) 

By (S4) and (A. 13), there exists an open neighborhood IF of a; such that IF C F and 

(a&)(fF) C T(F,c,A,£')- (A. 14) 

By shrinking IF if necessary and by using (S2), we can also assume that 

||aj;||^ < ||aa:||;, + (5, \\by\\f, < \\bx\\^J, +6 (yEW). (A.15) 

By (A.12), T(1F, a,/i, (5) (respectively, T(W,b, fi,6)) is a neighborhood of u (respectively, 
n). We claim that 

T(fF, a, /i, (5) ■ T(fF, b, p, 6) C T(F, c. A, e). (A.16) 

Indeed, let y E IF, and let F, v' E Ey be such that \\u' — ay\\y, < 5 and ||n' — by\\y < 5. We 

have 


< 

IImV - 

IIA 

Cyll^ 



< 

II (m' - ay)v'\\x + 

hyW - by)\\x + e' 

(by 

(A.14)) 

< 

C\\u'- 

IIM11^ II 

u F A^ll6^^II||u ^^11// F s 

(by 

(S3)) 

< 

C6i\\ay 

lU +11^11 

u) + 



< 

C6{\\ay 

lU + 1 ^yl 

y, P d) + s' 



< 

C6i\\ax 

lU A \\bx\ 

\y F 3(5) F s' 

(by 

(A.15)) 

< 

C'<^(l|w|| 

/. + II^^IU 

F 5(5) F s' 

(by 

(A.12)) 

< 

{e - s') 

F — s 


(by 

(A.ll)) 


Thus (A.16) holds, which implies (B3) and completes the proof. □ 

Let X be a commutative algebra. By a locally convex K-algebra we mean a locally 
convex X-module A together with a continuous iF-bilinear multiplication A x A ^ A. 
Morphisms of locally convex iF-algebras are dehned in the obvious way. The category of 
locally convex iF-algebras will be denoted by LF-alg. As above, let X be a topological 
space, and let 7 : X —)■ C{X) be an algebra homomorphism. Observe that for each locally 
convex X-algebra A and each x E X the subspace m^A is a two-sided ideal of A. Thus 



QUANTIZED ALGEBRAS OF HOLOMORPHIC FUNCTIONS 


65 


the fiber = A/rtixA of A over t is a locally convex algebra in a natural way. Let 
‘^A = {|| ■ I|a : £ A} denote the family of all continuous seminorms on A. Since the 

multiplication on A is continuous, it follows that for each A G A there exist /i G A and 
C > 0 such that for all a,h E A we have ||a6||A < By passing to the quotient 

seminorms on the fibers A^ {x G X), we see that (S3) holds (with = A^). Clearly, 
satisfies (S4). Applying Proposition A.30, we conclude that E(A) is a locally convex 
algebra bundle. Moreover, if /; A —)■ i? is a locally convex iP-algebra morphism, then 
E(/): E(A) —)■ E(i?) is an algebra bundle morphism. Thus we have the following analog 
of Theorem A.28. 

Theorem A.31. There exists a functor E; A-aIg —AlgBnd(X) uniquely determined by 
the following properties: 

(i) for each A G A-aIg and each x E X, we have E(A)a; = A^; 

(ii) the locally convex uniform vector structure on E(A) is determined by jTa; 

(in) for each A E A-aIg and each u E A, the section it: X E(A), x i-A Ux, is continu¬ 
ous; 

(iv) for each morphism f: A ^ B in A-aIg and each x E X, we have ^{f)x = fx- 

In conclusion, let us discuss the notion of continuity for locally convex bundles. Let 
{E,p, '^) be a locally convex bundle over a topological space X. Recall that we always 
have where is an admissible directed family of seminorms on E (see Propo¬ 

sition A. 18). By Remark A. 14, each seminorm belonging to is upper semicontinuous. 
In the theory of Banach bundles (see, e.g., [50]), it is customary to consider only those 
Banach bundles whose norm is a continuous function on E. This leads naturally to the 
following definition. 

Definition A.32. We say that a locally convex bundle (A,p,'^) is continuous if there 
exists an admissible directed family A^ of continuous seminorms on E such that ^ 

The following result gives a convenient way of proving the continuity of locally convex 
bundles. 

Proposition A.33. Let {E,p,'^) be a locally convex bundle over a topological space X, 
and let T be a vector subspace ofT{X,E) such that for each x E X the set : s G P} is 
dense in Ex. Suppose that || ■ || is an upper semicontinuous seminorm on E such that for 
every s G P the map X —)■ M, t i—)■ ||sa;||, is continuous. Then || • || is continuous. 

Proof {cf. [177], the last step of the proof of C.25). We have to show that || ■ || is lower 
semicontinuous. Let u E E, let x = p{u), and suppose that ||m|| > c > 0. Choose 5 > 0 
such that ||m|| > c -\- 26. Since || • || is upper semicontinuous and the topology on Ex is 
translation invariant, it follows that {n G Ex : ||u — m|| < 5} is open in Ex. Hence there 
exists s G P such that ||m — Sa,]] < 6. In particular, |[sa;|| > c 6. By assumption, this 
implies that there exists an open neighborhood V oix such that ||sy|| > c-\-6 for all y E V. 
By Remark A.14, T(V, s, || • ||, 5) is an open neighborhood of u. If now n G T(I/, s, || • ||, 5) 
and y = p{v), then 

||u|| > ||sy|| — ||<Sy — u|| >c + 5 — 5 = c. 

This implies that || ■ || is lower semicontinuous and completes the proof. □ 
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